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Lecture 1

Introduction: Stochastic partial differential
equations

Some motivating examples:

Example 1: random motion of strings (Funaki, 1983)

-

0 1 x

Xt6
B(Xt)

where

• Xt : [0, 1]→ R is a (random) function on [0, 1] (’string’) and Xt(x) denotes
its value at position x ∈ [0, 1] (random variable (!))

• B : R → R models forcing term, B(Xt(x)) models direction of some
exterior force acting on the string at position x

• time evolution of the moving string:

∂tXt = ν ∂2
xxXt︸ ︷︷ ︸

diffusion

+B(Xt) + σ ∂tWt︸ ︷︷ ︸
noise

subject to boundary conditions:

• Neumann bdy cond: ∂xXt(0) = ∂xXt(1) = 0
• Dirichlet bdy cond: Xt(0) = Xt(1) = 0

Here, Wt denotes a random function such that for all x ∈ [0, 1]

t 7→Wt(x)

is a standard Brownian motion and for x 6= y the Brownian motions W·(x) and
W·(y) should be for simplicity independent. (’space-time white noise’)

What is a rigorous mathematical description of this?
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2 INTRODUCTION: STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

spatial discretization given N ∈ N

-
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The nodes y
(N)
k (t), k = 0, 1, . . . , N , are solutions of the following system of

stochastic differential equations:

dy
(N)
k (t) = ν

1

(∆x)2

(
y

(N)
k+1(t)− 2y

(N)
k (t) + y

(N)
k−1(t)

)
︸ ︷︷ ︸

2nd order finite diff.

dt

+B(y
(N)
k (t)) dt+

1√
∆x

dWk(t), k = 0, 1, . . . , N.

with ∆x = 1
N (’spatial distance’).

Why spatial scaling 1√
∆x

in front of the Brownian motions ?

associated polygon:

X(N)(t, x) :=
x

(N)
k+1 − x

x
(N)
k+1 − x

(N)
k

y
(N)
k (t) +

x− x(N)
k

x
(N)
k+1 − x

(N)
k

y
(N)
k+1(t) if x ∈ [x

(N)
k , x

(N)
k+1]

∈ C([0, 1]) ⊂ L2([0, 1])

with x
(N)
k := k

N .

Functional central limit theorem
Let P (N) := P ◦ (X(N))−1 on C([0, 1];L2([0, 1])). Then P (N) ⇒ P (∞) weakly

on C([0, 1];L2([0, 1])) where the canonical process under P (∞) solves the stochastic
partial differential equation (spde)

(1.1) dXt =
(
ν∂2

xxXt +B(Xt)
)
dt+ dWt ∈ L2([0, 1])

where Wt denotes the ’Brownian motion’ on L2([0, 1]).

Formally: ∀ s, t ∈ [0,∞), ∀ x, y ∈ [0, 1]

E (Ws(x)Wt(y)) = s ∧ t δ0(x− y)

Alternative notation for the spde (1.1): Using u(t, x) := Xt(x) and W (t, x) =
Wt(x), we can formally write

(1.2) ∂tu(t, x) = ν∂2
xxu(t, x) +B(u(t, x)) + ∂tW (t, x) ∈ L2([0, 1])

Of course, the time-derivative of the Wiener process does not exist ion the classical
sense and (1.2) has to be understood as usual in the sense of the associated integral
equation.
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Example 2: stochastic reaction-diffusion equations
A large class of widely used stochastic models for sptially distributeed random

evolutions are given by stochastic reaction-diiffusion equations, e.g.

(1.3)

{
∂tv(t, x) = ν∂2

xxv(t, x) + bf(v(t, x)) + g(v(t, x))∂tW (t, x)

v(0, x) = v0(x)

where

• x ∈ D ⊂ Rd
• lim|v|→∞ f(v) · v = −∞, i.e., ’coercive’

• (f(u)− f(v))(u− v) ≤ |u− v|2, i.e., f one-sided Lipschitz
– f(v) = v(1− v)(v − a) - Nagumo
– f(v) = v(1− v) - Fisher resp. KPP (Kolm.-Petrovsky-Piskounov)
– f(v, w) = [v(1− v)(v − a)− w, ε(v − γw)] - FitzHugh-Nagumo
– f(v, w) = [a(b+ 1)v + v2w,w = bvv2w] - Brusselator

Motivation mathematical models for spatially extended random evolutions
used in physical chemistry, material sciences, optics, biophysics, populatation biol-
ogy

Dynamical features of (1.3) of interest in the applications

• bifurcations, i.e., qualitative different dynamical behaviour depending on
the chosen set of parameters (e.g. excitable, oscillatory, ...)

• metastable and in general transient macroscopic structures (pulsees, wave
fronts, solitons, ...)

• stochastic resonance, i.e., microscopic stochastic fluctuations can accu-
mulate leading to change points on macroscopic scales (e.g. in climate
models)

• superposition and interaction of physical/dynamical processes on various
time scales and various spatial scales

1D-stochastic Nagumo equation
exhibits travelling waves moving with random speed

1D-stochastic FitzHugh-Nagumo system
exhibits travelling action potentials (AP’s) moving with random speed. Other

features include random spiking, multiple spikes, annihilation of spikes, ...
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2D-Stochastic FitzHugh-Nagumo systems

model for intracellular signalling pathways

∂tv(t, x, y) = ∂2
xxv(t, x, y) + ∂2

yyv(t, x, y) + (v(1− v)(v − a))(t, x, y)− w(t, x, y) + I(t, x, y)

+ σ∂tW (t, x, y)

∂tw(t, x, y) = ε(v − γw)(t, x, y)

on the domain [0, L]× [0, L] ⊂ R2

exhibits various spatial patterns

comparison with real experiments

Wave dynamics in the actin

cytoskeleton (in Dictyoste-

lium discoideum, see [5])
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Lecture 2

Stochastic Analysis on Hilbert Spaces

2.1. Gaussian measures on Hilbert spaces

Preface We will use some basic facts of linear functional analysis, mostly
concerning Hilbert spaces and linear operators on Hilbert spaces. These facts can
be found in any introductory text book on functional analysis and essentially donot
require any further understanding beyond Euclidean vector spaces, that are in fact
finite-dimensional Hilbert spaces, and linear mappings on Euclidean vector spaces.
The only essential difference is that in infinite dimensions linearity and continuity
of linear mappings are no longer equivalent. In fact, linear mappings L : U → V
between Hilbert spaces U and V (or any normed vector spaces) are continuous if
and only if they are bounded, i.e. L(B1(0)) is contained in a bounded subset or
equivalently,

sup
‖h‖U≤1

‖Lh‖V <∞ .

Definition 2.1. (H, 〈·, ·〉H) is called a (real) Hilbert space, if:

(i) H is a vector space over R,
(ii) 〈·, ·〉H : H×H −→ R is a scalar product, i.e., a symmetric positive definite

bilinear form. In particular, |u|H :=
√
〈u, u〉H defines a norm on H.

(iii) (H, | · |H) is a complete normed (real) vector space, hence a (real) Banach
space.

Example 2.2. (i) RN , equipped with usual scalar product 〈u, v〉 :=
N∑
i=1

uivi,

but also with 〈u, v〉Q :=
N∑

i,j=1

qijuivj , where Q = (qij) is any symmetric

postivie definite N ×N -matrix.
(ii) Let (Ω,A, µ) be a measure space, then L2(Ω,A, µ) =: L2(µ) with scalar

product 〈f, g〉 :=
∫
Ω

fgdµ is a real Hilbert space, but also with the scalar

product

〈f, g〉Q :=

∫
Ω

∫
Ω

f(x)g(y)q(x, y)µ(dx)µ(dy)

where q is symmetric and positive definite in the sense that ∀ A1, . . . , AN ∈
A the matrix Q = (qij), with elements qij =

∫
Ai

∫
Aj
q(x, y)µ(dx)µ(dy) ≥

0, 1 ≤ i, j ≤ N , is symmetric and positive definite.

(iii) The sequence space l2 =

{
(uk)k≥1 ⊂ R :

∞∑
k=1

u2
k <∞

}
equipped with

〈u, v〉 :=

∞∑
k=1

ukvk.

Definition 2.3. (H, 〈·, ·〉H) is called separable, if there exists a countable
dense subset H0 ⊂ H.

1



2 STOCHASTIC ANALYSIS ON HILBERT SPACES

Example 2.4. L2([0, 1], dx) is separable, with countable dense subsets

H0 =

{
n∑
k=0

akx
k : n ≥ 1, ak ∈ Q

}
= all polynomials with rational coefficients

or

H0 =

{
n∑
k=1

ak sin(2πkx) +

n∑
k=0

bk cos(2πkx) : n ≥ 1, ak, bk ∈ Q

}
= all Fourier polynomials with

rational coefficients

In general: If Ω is a separable metric space and A = B(Ω) the Borel σ-algebra,
then L2(µ) is separable.

Definition 2.5. A probability measure µ on (H,B(H)) is called a Gaussian
measure, if for all h ∈ H the linear functional

lh : g 7→ 〈g, h〉H , H −→ R

is normally distributed, i.e., there exist m(h) ∈ R, σ2(h) ∈ R+, such that for all
t ∈ R: ∫

H

eitlhdµ = eitm(h)− 1
2 t

2σ2(h).

Theorem 2.6. A probability measure µ on (H,B(H)) is a Gaussian measure
if and only if ∫

H

ei〈g,h〉Hµ(dg) = ei〈m,h〉H−
1
2 〈Qh,h〉H

for all h ∈ H, where

a) m ∈ H is the mean vector,
b) Q : H −→ H is linear, continuous and symmetric (i.e. 〈Qg, h〉H =
〈g,Qh〉H), positive semidefinite (i.e. 〈Qg, g〉H ≥ 0 ∀g ∈ H) and of finite
trace, i.e.

tr(Q) =

∞∑
k=1

〈Qek, ek〉H <∞

for one (and hence for all) complete orthonormal system (CONS) (ek) on
H.

In this case we will write

µ = N (m,Q)

and Q is called the covariance operator of µ.
In particular:

(i)
∫
H

〈x, h〉Hµ(dx) = Eµ(lh) = m(h) = 〈m,h〉H

(ii)∫
H

(〈x, h1〉 − 〈m,h1〉)(〈x, h2〉 − 〈m,h2〉)µ(dx) = Eµ ((lh1
− Eµlh1

)(lh2
− Eµlh2

))

= Covµ(l1, l2)

= 〈Qh1, h2〉H ∀h1, h2 ∈ H

(iii)
∫
H

‖x−m‖2Hµ(dx) = tr(Q)
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Example 2.7. (i) Wiener-measure
Let (β(t))t≥0 be a 1-dimensional continuous Brownian motion on (Ω,F ,P),

i.e. a stochastic process satisfying

a) β(0) = 0 P-a.s.,
b) for 0 ≤ t1 < t2 < ... < tn the increments

β(ti+1)− β(ti), 1 ≤ i ≤ n− 1

are independent and N (0, ti+1 − ti) distributed.
c) t 7→ β(t) is P-a.s. continuous.

Let T > 0 be fixed and let

β· : Ω −→ C([0, T ]) ⊆ L2([0, T ]), ω 7→ (t 7→ β(t, ω))

be measurable w.r.t. the Borel σ-algebra on L2([0, T ]). Then the distribution

µ(A) := P(β(·) ∈ A), A ∈ B(L2([0, T ]))

is called the Wiener measure.
µ is a Gaussian measure (centered, i.e., the mean vector is zero) with covariance

operator Q induced by the bilinear form

〈Qg, h〉L2([0,T ]) =

T∫
0

Qg(t)h(t) dt

=

T∫
0

T∫
0

g(s)h(t) s ∧ t dsdt

= 〈(−∆)−1g, h〉L2([0,T ])

where ∆ denotes the Laplace-Operator on L2([0, T ]) (i.e. ∆g = g′′), with Dirich-
let boundary conditions in 0 (g(0) = 0) and Neumann boundary conditions in T
(g′(T ) = 0). With these boundary conditions, ∆ becomes invertible and we have
indeed that Q = (−∆)−1.

Proof.

Eµ(lh) =

∫
Ω

lh(β)dP =

∫
Ω

〈h, β〉L2([0,T ])dP

=

∫
Ω

T∫
0

h(s)β(s)dsdP =

T∫
0

h(s)

∫
Ω

β(s)dPds

=

T∫
0

h(s)Eµ(β(s))︸ ︷︷ ︸
=0

ds = 0, hence m = 0.
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Covµ(lg, lh) =

∫
L2([0,T ])

〈x, g〉〈x, h〉µ(dx)

︸ ︷︷ ︸
since m(g)=m(h)=0

= E

 T∫
0

g(s)β(s)ds

T∫
0

h(s)β(s)ds



=

T∫
0

T∫
0

g(s)h(t)E(β(s)β(t))︸ ︷︷ ︸
=s∧t

dsdt.

�

Remark It is instructive to identify Q from the bilinear form. Indeed,

〈Qg, h〉L2([0,T ]) =

T∫
0

T∫
0

g(s)h(t) s ∧ t dsdt =

T∫
0

 T∫
0

g(s) s ∧ t ds

h(t) dt

implies that

Qg(t) =

∫ T

0

g(s)s ∧ t ds =

∫ t

0

g(s)s ds+ t

∫ T

t

g(s) ds.

In particular, Qg(0) = 0, (Qg)′(t) =
∫ T
t
g(s) ds, which is equal to 0 if t = T , and

(Qg)′′(t) = −g(t).
(ii) Brownian bridge
The process

β0(t) := β(t)− t

T
β(T ), 0 ≤ t ≤ T

satisfies β0(T ) = 0 and is therefore called a Brownian bridge from 0 to 0 (in time
T ). The distribution

µ0(A) := P(β0(·) ∈ A), A ∈ B(L2([0, T ]))

is called a pinned Wiener measure.
µ0 is a Gaussian measure with mean vector 0 and covariance operator

Covµ0(lg, lh) = 〈Q0g, h〉 =

T∫
0

T∫
0

g(s)h(t)

(
s ∧ t − st

T

)
dsdt

= 〈(−∆D)−1g, h〉

where ∆D now denotes the Dirichlet Laplacian on L2([0, T ]). In particular, Q0 =
(−∆D)−1.

Proof.

Covµ0(lg, lh) = Eµ0(lg, lh) =

T∫
0

T∫
0

g(s)h(t)E(β0(s)β0(t))dsdt
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with

E(β0(s)β0(t)) = E
(

(β(s)− s

T
β(T ))(β(t)− t

T
β(T ))

)
= E(β(s)β(t))− t

T
E(β(s)β(T ))− s

T
E(β(T )β(t)) +

st

T 2
E(β2(T ))

= s ∧ t − st

T
− st

T
+
st

T

= s ∧ t − st

T
.

�

In this case

Q0g(t) =

∫ T

0

g(s)

(
s ∧ t− st

T

)
ds =

∫ t

0

g(s)s ds+ t

∫ T

t

g(s) ds− t

T

∫ T

0

g(s)s ds

indeed satisfies Q0g(0) = Q0g(T ) = 0 and (Qg)′′ = −g.

Sketch of proof of theorem 2.6.
⇐: obvious

⇒: First we have to show that h 7→ m(h) = Eµlh is linear and continuous.

linear:

m(h+ g) = Eµ(lh+g)
scalar prod.

=
linear

Eµ(lh + lg)

exp.
=

linear
Eµ(lh) + Eµ(lg)

= m(h) +m(g)

continuous:
m(h) is continuous (on H) if and only if sup

‖h‖H≤1

m(h) <∞.

First note that:

Hn :=

{
h ∈ H :

∫
|lh(x)|µ(dx) ≤ n

}
⊆ H

for all n ≥ 1 according to Fatou’s lemma. Moreover

H =
⋃
n≥1

Hn.

Therefore Baire’s category theorem implies that there exists some n0 ≥ 1 such
that

◦
Hn0 6= ∅.

Hence we can find ε > 0 and some element h0 ∈ H such that Bε(h0) ⊆ Hn0 . But
this implies that for all h ∈ H with ‖h‖H ≤ 1:

h =
2

ε

(ε
2
h
)

=
2

ε

(
ε

2
h+ h0︸ ︷︷ ︸
∈Bε(h0)

−h0

)
.
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Finally this implies that

|m(h)| =

∣∣∣∣∣∣
∫
H

〈x, h〉Hµ(dx)

∣∣∣∣∣∣
≤ 2

ε

(∫
H

|l ε
2h+h0

|µ

︸ ︷︷ ︸
≤n0

+

∫
H

|lh0
|dµ

︸ ︷︷ ︸
≤n0

)

≤ 4

ε
n0 <∞.

Therefore sup
‖h‖H≤1

m(h) ≤ 4
εn0 < ∞ which implies that m(h) is continuous. The

Riesz representation theorem now implies that there exists m ∈ H such that

〈m,h〉H = m(h).

Similarly one can show that Q is bilinear and continuous on H ×H. In partic-
ular, (again using Riesz representation theorem):

∀h ∈ H ∃Q(h) : 〈Q(h), g〉 = Q(h, g) ∀g ∈ H

and therefore h 7→ Q(h) is linear and continuous.

Q ist positive definite, since

〈Qh, h〉H =

∫
H

(lh(x)− 〈x,m〉H)2µ(dx) ≥ 0.

It remains to show that tr(Q) <∞. To this end let (en)n be a CONS and let µ
be centered, i.e., m = 0. Then lei ∼ N (0, 〈Qei, ei〉) and for given ei we have that:

1

2

1 2

e2

e1

B 1
2
(e2)

B 1
2
(e1)

B2(0)

Therefore ⋃
i≥1

B 1
2
(ei) ⊆ B2(0).

Consequently,

∞ > µ(B2(0)) ≥
∞∑
i=1

µ(B 1
2
(ei)) ∼

∞∑
i=1

〈Qei, ei〉.

�

We will use the following functional analytic fact on trace-class operators with-
out further proof:
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Proposition 2.8. Let Q be linear, continuous, symmetric, positive semidefinite
and let tr(Q) <∞ (i.e. tr(Q) =

∑∞
i=1〈Qei, ei〉 <∞ where (ei) is any CONS). Then

there exists a CONS ek, k ≥ 1, of H, consisting of eigenvectors of Q, i.e.,

Qek = λkek, λk ≥ 0.

0 is the only accumulation point of the sequence of eigenvalues (λk)k≥1. Moreover,

tr(Q) =
∞∑
i=1

λk <∞, i.e. (λk) converges absolutely.

The following proposition provides the canonical representation of Gaussian
measures on Hilbert spaces and also gives an instruction of how to simulate Hilbert
space valued Gaussian random variables, resp. to draw samples from a Gaussian
measure on some Hilbert space.

Proposition 2.9 (canonical representation). Let m ∈ H and let Q and (ek)k≥1

be as in the previous Proposition 2.8. Let X be an H-valued random variable on
(Ω,F ,P). Then X is normally distributed with X ∼ N (m,Q) if and only if

X =

∞∑
k=1

√
λkβkek +m,

where (βk)k≥1 are independent, N (0, 1) distributed random variables. The infinite
series converges P-a.s. and in Lp for all p <∞.

Proof. ⇐: We have to show that
∞∑
k=1

√
λkβkek +m converges on H. To this

end let m ≤ n ∈ N. Then:

‖
n∑
k=1

√
λkβk −

m∑
k=1

√
λkβk‖2H = ‖

n∑
k=m+1

√
λkβk‖2H

= 〈
n∑

k=m+1

√
λkβk,

n∑
k=m+1

√
λkβk〉H

=

n∑
k,l=m+1

√
λk
√
λlβkβl 〈ek, el〉H︸ ︷︷ ︸

=δkl

=

n∑
k=m+1

λkβ
2
k.

Hence

E

(
‖
n∑
k=1

√
λkβk −

m∑
k=1

√
λkβk‖2H

)
= E

(
n∑

k=m+1

λkβ
2
k

)

=

n∑
k=m+1

λk Eβ2
k︸︷︷︸

=1

=

n∑
k=m+1

λk
n,m→∞−→ 0
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Finally we have to verify that the infinite series has the correct distribution:

Eei〈h,X〉H = Eei〈m,h〉H+i
∑∞
k=1

√
λkβk〈ek,h〉H

= ei〈m,h〉H
∞∏
k=1

Eei
√
λl〈ek,h〉Hβk︸ ︷︷ ︸

e−
λk
2
〈ek,h〉

2
H

= ei〈m,h〉He−
1
2

∑∞
k=1 λk〈ek,h〉

2
H

= ei〈m,h〉He−
1
2

∑∞
k=1 λk〈ek,h〉H〈ek,h〉H

= ei〈m,h〉He−
1
2

∑∞
k=1〈λkek,h〉H〈ek,h〉H

= ei〈m,h〉He−
1
2

∑∞
k=1〈Qek,h〉H〈ek,h〉H

= ei〈m,h〉He−
1
2

∑∞
k=1〈ek,Qh〉H〈ek,h〉H

Parsevals’
=

identity
ei〈m,h〉He−

1
2 〈Qh,h〉H

�



Lecture 3

Stochastic Analysis on Hilbert Spaces

2.2. Wiener Processes

Let Q be as in the previous section and let (U, 〈·, ·〉U ) be any separable, real
Hilbert space.

Definition 2.10. A U -valued stochastic process W (t), t ∈ [0, T ], on (Ω,F ,P)
is called a (standard) Q-Wiener process, if

(i) W (0) = 0,
(ii) t 7→W (t) is P-a.s. continuous,
(iii) for 0 = t0 < t1 < . . . < tn ≤ T the increments

W (ti)−W (ti−1), i = 1, . . . , n

are independent, N (0, (ti − ti−1)Q)-distributed.

Proposition 2.11 (canonical representation ofQ-Wiener processes). Let (ek)k≥1

be a CONS, consisting of eigenfunctions of Q. Then W (t), t ∈ [0, T ], is a Q-Wiener
process, if and only if

(2.4) W (t) =

∞∑
k=1

√
λkβk(t)ek, t ∈ [0, T ],

where {βk(t) : λk > 0} are independent, 1-dimensional (continuous) Brownian mo-
tions. The sequence (2.4) converges P-a.s. on C([0, T ];U) and in Lp(Ω,F ,P;C([0, T ];U))
for all p <∞, i.e.

lim
n→∞

E
(

sup
t∈[0,T ]

‖
n∑
k=1

√
λkβk(t)ek −W (t)‖pU

)
= 0.

Sketch of proof:
We only present the proof for the case p = 2. The general case and the P-a.s.
convergence follows similarly from generalizations of the martingale convergence
theorems to Hilbert-space valued martingales. To simplify notations let

Wn(t) :=

n∑
k=1

√
λkβk(t)ek.

Then

‖Wn(t)−W (t)‖2U = ‖
∞∑

k=n+1

√
λkβk(t)ek‖2U =

∞∑
k=n+1

λkβ
2
k(t).

1
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Hence

E

(
sup
t∈[0,T ]

‖Wn(t)−W (t)‖2U

)
= E

(
sup
t∈[0,T ]

∞∑
k=n+1

λkβ
2
k(t)

)

≤
∞∑

k=n+1

λk E

(
sup
t∈[0,T ]

β2
k(t)

)
︸ ︷︷ ︸
≤CT ( Doob)

≤ CT
∞∑

k=n+1

λk
n→∞−→ 0

Conversely: If W (t) is a Q-Wiener process, define

βk(t) :=

{
1√
λk
〈W (t), ek〉 , if λk > 0

0 , otherwise.

It then follows for s ≤ t and k ≥ 1 that

βk(t)− βk(s) =
1√
λk
〈W (t)−W (s)︸ ︷︷ ︸
∼N (0,(t−s)Q)

, ek〉

︸ ︷︷ ︸
∼N (0,(t−s)λk)

,

so that βl(t), k ≥ 1 are 1-dimensional Wiener processes, hence 1-dimensional con-
tinuous Brownian motions. To see that they are indeed independent let k 6= l and
s ≤ t. Then:

Cov(βk(t), βl(s)) =
1√
λkλl

E (〈W (t), ek〉〈W (s), el〉)

=
1√
λkλl

[E (〈W (t)−W (s), ek〉〈W (s), el〉) + E (〈W (s), ek〉〈W (s), el〉)]

=
1√
λkλl

E (〈W (t)−W (s), ek〉)︸ ︷︷ ︸
=0

E (〈W (s), el〉)︸ ︷︷ ︸
=0

+s〈Qek, el〉


=

1√
λkλl

sλk 〈ek, el〉︸ ︷︷ ︸
=0

= 0

�

Definition 2.12 (Q-Wiener process w.r.t. some filtration (Ft)). An U -valued
stochastic process W (t), t ∈ [0, T ], is called Q-Wiener process w.r.t. a given filtra-
tion (Ft), if

(i) W (t) is Ft-measurable, i.e. W is (Ft)-adapted,
(ii) t 7→W (t) is P-a.s. continuous,
(iii) W (t)−W (s) is independent of Fs for all 0 ≤ s < t ≤ T and N(0, (t−s)Q)-

distributed.

Similar to the finite-dimensional case it holds that a Q-Wiener process W (t),
t ∈ [0, T ], always is a Q-Wiener process w.r.t. the minimal right-cotinuous filtration

FWt =
⋂
s>t

F0
s , F0

s = σ(W (r) : r ∈ [0, s])
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generated by W .

2.3. Stochastic Integration on Hilbert spaces

The aim of this section is to define the stochastic-integral

t∫
0

Φ(s)dW (s)

w.r.t. some H-valued Q-Wiener process.

2.3.1. Martingales in Banach spaces. Let (E, ‖·‖) be a (real) Banach
space, i.e. a complete normed (R-) vector space. Let µ be a finite measure on
a measure space (Ω,A).

2.3.1.1. Bochner-Integral. (E-valued µ-integration)
We want to define the Lebesgue integral∫

Ω

fdµ ∈ E

for measurable real-valued functions f : Ω −→ R to suitable sets of measurable
mappings f : Ω −→ E.

Similar to the case of the Lebesgue-integral we first consider elementary E-
valued step functions

(2.5) f =

n∑
k=1

xk1Ak

with xk ∈ E and Ak ∈ A. W.l.o.g. we may assume that Ak are pairwise disjoint.
For such integrands we then define the integral as follows:∫

Ω

f dµ :=

n∑
k=1

xkµ(Ak) ∈ E,

and similar to the case of the Lebesgue-integral one can show that this definition
is indepedent of the given representation of the elementary step function f .

It is then easy to see that the following Bochner inequality holds:∥∥∥∥∥∥
∫
Ω

fdµ

∥∥∥∥∥∥
E

≤
∫
Ω

‖f‖Edµ.

Indeed, ∥∥∥∥∫
Ω

fdµ

∥∥∥∥
E

=

∥∥∥∥∥
n∑
k=1

xkµ(Ak)

∥∥∥∥∥
E

≤
n∑
k=1

‖xk‖Eµ(Ak)

=

n∑
k=1

‖xk‖E
∫

Ω

1Ak dµ =

∫
Ω

n∑
k=1

‖xk‖E1Ak dµ

=

∫
Ω

‖f‖Edµ.
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Using the Bocher inequality we can extend the integral
∫
fdµ to all integrands

(2.6)


f : Ω −→ E satisfying

• f is strongly measurable, i.e., f = limn→∞ fn µ− a.e.
fn is of type (2.5)

•
∫
‖f‖Edµ <∞

Remark For mappings f : Ω −→ E taking values in an infinite dimensional
normed vector-space E, it is not true in general, whether A/B(E)-measurability
implies that it can be approximated by pointwise limits elementary step functions.
A/B(E)-measurability of a mapping f implies that f is weakly measurable in
the sense that for all continuous linear functionals ` ∈ E′ the real-valued mapping
`(f) is A/B(R)-measurable. It is then a classical result in functional analysis, called
Pettis theorem, that the following holds true:

Theorem 2.13 (Pettis theorem). A necessary and sufficient condition that
f : Ω −→ E is (strongly) measurable is that it is weakly measurable and separably
valued.

Here, separably valued means that the range f(Ω) of the mapping f is a
separable subset of E. It is obvious that if E is separable, e.g. E = Rd, Lp(Rd),
lp, . . ., then every (weakly) measurable function f : Ω −→ E already is strongly
measurable.

The set of all admissible integrands f will be denoted by L1(Ω,A, µ;E) or
simply with L1(µ;E). Let L1(µ;E) the set of all µ-equivalence classes in L1(µ;E),
w.r.t. the equivalence relation f ∼ g if and only if f = g µ-a.e. Similarly we define
Lp(µ;E) and Lp(µ;E).

Properties of the Bochner integral

(i) Bochner inqeuality∥∥∥∥∥∥
∫
Ω

fdµ

∥∥∥∥∥∥
E

≤
∫
Ω

‖f‖Edµ

(ii) Linearity Let L : E −→ F be linear and continuous, where F is another
Banach space. Then:

L

∫
Ω

f dµ

 =

∫
Ω

L ◦ f dµ.

In particular: α, β ∈ R, f = (f1, f2) ∈ E × E,

L : E × E −→ E, (x1, x2) 7→ αx1 + βx2.
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Then

α

∫
Ω

f1dµ+ β

∫
Ω

f2dµ = L

∫
Ω

fdµ


=

∫
Ω

L ◦ fdµ

=

∫
Ω

αf1 + βf2dµ.

(iii) Fundamental theorem of calculus
Let f ∈ C1([a, b];E), i.e., differentiable curve in E. Then

f(t)− f(s) =

t∫
s

f ′(r) dr

for all a ≤ s ≤ t ≤ b.
2.3.1.2. E-valued conditional expectations. Form now on we assume that E is

a separable Banach space. Let (Ω,A,P) be a probability space. We then have the
following result on the existence of E-valued conditional expectations:

Theorem 2.14. Let X : Ω −→ E ∈ L1(Ω,A,P;E) be a Bochner integrable
E-valued random variable and A0 be a sub-σ-algebra of A. Then there exists a
P-a.s. uniquely determined Bochner integrable E-valued r andom variable X0 ∈
L1(Ω,A0,P;E) such that∫

A

X0 dP =

∫
A

X dP ∀A ∈ A0.

The A0-measurable random variable X0 is called the conditional expectation of X
given A0 and we write

X0 =: E (X | A0) .

Moreover, Bochner’s inequality holds

‖E (X | A0)‖E ≤ E (‖X‖E | A0) .

The proof of the theorem is first reduced to the case of elementary step functions
X =

∑
k xk1Ak with Ak, k ≥ 1, pairwise disjoint. In this case clearly,

E (X | A0) =
∑
k

xkE (1Ak | A0) ,

and using the triangle inequality we obtain that

‖E (X | A0)‖E =

∥∥∥∥∥∑
k

xkE (1Ak | A0)

∥∥∥∥∥
E

≤
∑
k

‖xk‖EE (1Ak | A0) = E

(∑
k

‖xk‖E1Ak | A0

)
= E (‖X‖E | A0) .

The general case can then be obtained considering pointwise limits of random vari-
ables of the above type.
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Example 2.15. Let A0 := σ (Ak : k = 1, ..., n), Ak pairwise disjoint. Then

E(X|A0) =

n∑
k=1

1

µ(Ak)

∫
Ak

X dP 1Ak

(with the convention 1
µ(Ak)

∫
Ak

X dP := 0, if µ(Ak) = 0).

We can now extend the definition of a real-valued martingale (Mt)t≥0 w.r.t. a
given filtration (At)t≥0 to the general case of E-valued martingales.

Definition 2.16. An E-valued stochastic process (Mt)t≥0 on (Ω,A,P) is called
an (At)-martingale, if

(i) E(‖Mt‖) <∞ for all t ≥ 0,
(ii) Mt is At-measurable for all t ≥ 0,
(iii) E(Mt|As) = Ms for all 0 ≤ s ≤ t.

Remark It is an immediate consequence of the definition that (Mt) is an (At)-
martingale if and only if for all l ∈ E′ the real-valued process (l(Mt)) is a real-valued
(At)-martingale.

Example 2.17. (i) X ∈ L1(P;E), then Xt = E(X|At) is a martingale.
(ii) Consider discrete time t = 0, 1, 2, ... and Y1, Y2, ... ∈ L1(P;E), iid and
At = σ({Y1, ..., Yt}). Then

Xt =

t∑
s=1

(Ys − E(Ys))

is a martingale.
(iii) As a generalization of the previous example to continuous time consider

a U -valued Q-Wiener process (Wt) w.r.t. (At) (where U is a separable
real Hilbert space). Then (Wt) is an L2-integrable continuous martingale
with

E(‖Wt‖2U ) = t tr(Q).

Indeed, similar to the case of finite dimensional Brownian motion,

E(Wt|As) = E(Wt −Ws +Ws|As)
= E(Wt −Ws|As)︸ ︷︷ ︸

=E(Wt−Ws)=0

+E(Ws|As)︸ ︷︷ ︸
=Ws

= Ws,

and

E(‖Wt‖2U ) = E

(
‖
∞∑
k=1

√
λkβk(t)ek‖2U

)
= E

( ∞∑
k=1

λkβ
2
k(t)

)

=

∞∑
k=1

λkE
(
β2
k(t)

)
= t

∞∑
k=1

λk

= t tr(Q).
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Remark The notion of sub- and super-martingales cannot be immediately
generalized to arbitrary Banach spaces, unless we assume that we are given some
partial ordering ”≤” which is for example the case on Lp-spaces. We will not use
this additional structure in the infinite-dimensional case and therefore do not study
sub- and super-martingales in more detail.

Similar to the case of the real-valued conditional expectation we have:

Theorem 2.18 (Doob’s maximal inequality). Let (Mt) be a right-continuous
(At)-martingale. Then:(

E
(

sup
0≤t≤T

‖Mt‖p
)) 1

p

≤ p

p− 1
(E (‖MT ‖p))

1
p , ∀p > 1.

Main consequence: Let (Mn
t ), n ≥ 1, be an Lp-Cauchy sequence of continu-

ous martingales, i.e., lim
n,m→∞

(E (‖Mn
T −Mm

T ‖
p
E))

1
p = 0 for some p > 1. Then there

exists a continuous martingale (Mt) (w.r.t. the same filtration), such that

lim
n→∞

P
(

sup
0≤t≤T

‖Mn
t −Mt‖E ≥ ε

)
= 0 ∀ε > 0 ,

hence lim
n→∞

Mn
t = Mt uniformly on [0, T ] in probability.

In other words:

Mp
T := {(Mt)t∈[0,T ] E-valued, cont. (At)−martingale,

‖M‖Mp
T

:= sup
0≤t≤T

(E (‖Mt‖pE))
1
p <∞}

is (again) a Banach space (if p = 2 a Hilbert space).



Lecture 4

Stochastic Analysis on Hilbert Spaces

2.3. Stochastic Integration on Hilbert spaces

2.3.2. Stochastic integral. Throughout this subsection let U and H be sep-
arable real Hilbert spaces and (Wt) be an U -valued Q-Wiener process w.r.t. (Ft).
We want to construct the H-valued stochastic integral

∫ t
0

Φ(s) dWs for appropriate
integrands Φ in four steps similar to the real-valued case.

Step 1 Integration of elementary processes

(2.7) Φ(t) =

K−1∑
m=0

Φm1]tm,tm+1](t)

with

• 0 = t0 < t1 < . . . < tK = T
• Φm : Ω −→ L(U,H), Ftm-measurable and separable, where L(U,H) de-

notes the (linear) space of all linear, continuous operators U −→ H.

We then define the stochastic integral

t∫
0

Φ(s)dWs :=

K−1∑
m=0

Φm(Wtm+1∧t −Wtm∧t), 0 ≤ t ≤ T

which leads to a linear mapping

I : E −→M2
T

where E denotes the (linear) space of all elementary prozesses of type (2.7).

Step 2 Wiener-Itô isometry
We want to formulate the Wiener-Itô-isometry for H-valued stochastic inte-

grals. To this end we first need to introduce a new class of linear operators:

Definition 2.19. Let L ∈ L(U,H) be a continuous linear operator from U to
H. L is called Hilbert-Schmidt operator, if

(2.8) ‖L‖2L2(U,H) :=

∞∑
k=1

‖Lek‖2H <∞

for one (and hence all) CONS (ek) of U . Let L2(U,H) be the (linear) space of all
Hilbert-Schmidt operators L. Then L2(U,H) is again a real Hilbert space w.r.t.
the scalar product

〈A,B〉L2(U,H) :=

∞∑
k=1

〈Aek, Bek〉H

(which is independent of the chosen CONS (ek) (!)). The associated norm ‖·‖L2(U,H)

(as given in (2.8)) is called Hilbert-Schmidt norm.

1
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Remark (separability of L2(U,H)) A striking feature of the space L2(U,H) of
Hilbert-Schmidt operators is the fact that it is again separable. Indeed, the set of
finite rank operators

Lnu :=

n∑
k=1

〈u, ek〉Uyk , yk ∈ H,n ≥ 1

is a separable dense subset of L2(U,H), since for any L ∈ L2(U,H) and Ln of the
above type with yk := Lek we have that Lnek = Lek for k = 1, . . . , n, and thus

‖L− Ln‖2L2(U,H) =

∞∑
k=n+1

‖Lek‖2 → 0 , n→∞.

In contrast to this, the space L(U,H) is not separable, even not for separable Hilbert
spaces U and H, unless U and H are both finite-dimensional.

Back to the stochastic intergal
∫ t

0
Φ(s)dWs. The following Wiener-Itô isometry

holds:

(2.9) E


∥∥∥∥∥∥

t∫
0

Φ(s)dWs

∥∥∥∥∥∥
2

H

 = E

 t∫
0

‖Φ(s) ◦
√
Q‖2L2(U,H)ds

 , t ∈ [0, T ]

In particular, ∥∥∥∥∥∥
·∫

0

Φ(s)dWs

∥∥∥∥∥∥
2

M2
T

= E

 T∫
0

‖Φ(s) ◦
√
Q‖2L2(U,H)ds

 .

Proof of the Wiener-Itô isometry.

W.l.o.g. t = T . To simplify notations let ∆m := W (tm+1)−W (tm). Then

(2.10)

E


∥∥∥∥∥∥
T∫

0

Φ(s)dW (s)

∥∥∥∥∥∥
2

H

 = E

(
‖
k−1∑
m=0

Φm∆m‖2H

)

=

k−1∑
m,n=0

E (〈Φm∆m,Φn∆n〉H)

W.l.o.g. let (ek), k ≥ 1, be a CONS of U consisting of eigenvectors of Q with
corresponding eigenvalues λk, k ≥ 1, and let βk(t) := 〈W (t), ek〉U , k ≥ 1, be the
corresponding independent 1d-Brownian motions. For any m,n we then have that
(2.11)
E (〈Φm∆m,Φn∆n〉H)

=

∞∑
k,l=1

√
λk
√
λlE
(
〈Φm(ek),Φn(el)〉H(βk(tm+1)− βk(tm))(βl(tn+1)− βl(tn))

)
To further simplify notations, let ∆nβl := βl(tn+1)− βl(tn).

If m 6= n or k 6= l then

E(〈Φm(ek),Φn(el)〉H∆mβk∆nβl) = 0
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since the Brownian increments ∆mβk and ∆nβl are independent of Fm∧n, so that
in case of n 6= m or k 6= l

E(∆mβk∆nβl | Fm∧n) = E(βk(tm+1)− βk(tm) | Fm∧n)E(βl(tn+1)− βl(tn) | Fm∧n) = 0

and therefore in this case
(2.12)
E(Φm∆mβkΦn∆nβl) = E(ΦmΦnE((βk(tm+1)− βk(tm))(βl(tn+1)− βl(tn)) | Fm∧n)) = 0.

In the remaining case m = n and k = l we have that

(2.13) E(〈Φm(ek),Φn(el)〉H∆mβk∆nβl) = E
(
‖Φm(ek)‖2H

)
(tm+1 − tm).

Inserting both identities (2.12) and (2.13) into (2.11) yields the assertion, since

E


∥∥∥∥∥∥
T∫

0

Φ(s)dW (s)

∥∥∥∥∥∥
2

H

 =

K−1∑
m=0

∞∑
k=1

λkE
(
‖Φm(ek)‖2H

)
(tm+1 − tm)

=

K−1∑
m=0

∞∑
k=1

E
(
‖Φm(

√
λkek)‖2H

)
(tm+1 − tm)

=

K−1∑
m=0

∞∑
k=1

E
(
‖Φm(

√
Qek)‖2H

)
(tm+1 − tm)

=

K−1∑
m=0

∞∑
k=1

E
(
‖(Φm ◦

√
Q)(ek)‖2H

)
(tm+1 − tm)

= E

(
K−1∑
m=0

‖Φm ◦
√
Q‖2L2(U,H)(tm+1 − tm)

)

= E

 T∫
0

‖Φ(s) ◦
√
Q‖2L2(U,H)ds

 .

Herein we used the fact that Qek = λkek and therefore

λk‖Φmek‖2H =
∥∥∥Φm

(√
λkek

)∥∥∥2

H
=
∥∥∥Φm ◦

√
Qek

∥∥∥2

H
.

�

The Wiener-Itô isometry now implies that

I : E −→M2
T

is the isometry

‖I(Φ)‖2M2
T

= ‖Φ‖2T ,
if we endow E with the seminorm

‖Φ‖2T := E

 T∫
0

‖Φ ◦
√
Q‖2L2(U,H)ds

 .

Step 3 We can now extend I uniquenly to a linear isomery

I : E −→M2
T ,
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where E denotes the abstract completion of E w.r.t. the seminorm ‖·‖T . The 3rd
step now in the construction/definition of the stochastic integral consists in the
alternative caracterization of the abstract completion E of admissible integrands.
To this end we define

PT := σ ({]s, t]× Fs : 0 ≤ s < t ≤ T, Fs ∈ Fs} ∪ {{0} × F0 : F0 ∈ F0})
= σ ({(Hs) : (Hs) left-cont. and (Ft)− adapted})
= predictable σ − algebra.

Remark Sometimes in the literature PT is also called the previsible-σ-algebra.

With this definition we now have that

E =  L2(ΩT ,PT ,PT ;L0
2)/∼

with ΩT = Ω× [0, T ] and PT = P⊗dt. Here, L0
2 denotes the space of all continuous

linear operators T : U → H such that T ◦
√
Q is Hilbert-Schmidt and ”∼” denotes

the equivalence relation

Φ ∼ Ψ if Φ ◦
√
Q = Ψ ◦

√
Q PT − a.e.

Step 4 Localization
We use the same localization as in the finite-dimensional stochastic integra-

tion theory. This allows us to extend the construction/definition of the stochastic
integral ∫ t

0

Φ(s)dW (s) , t ∈ [0, T ],

to all

Φ : ΩT −→ L(U,H) , adapted, PT −measurable,

satisfying

P

 T∫
0

‖Φ(s) ◦
√
Q‖2L2(U,H)ds <∞

 = 1.

Properties of the stochastic integral

(i) Linearity If L ∈ L(H, H̃) then

L

 t∫
0

Φ(s)dW (s)

 =

t∫
0

L ◦ Φ(s)dW (s).

(ii) Let f : ΩT −→ H, be (Ft)-adapted and continuous. Then the real-valued
stochastic integral

t∫
0

〈f(s),Φ(s)dW (s)〉H :=

t∫
0

Φ̃f (s)dW (s)

with

Φ̃f (s)(u) := 〈f(s),Φ(s)u〉H , u ∈ U,
is well-defined.
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(iii) Let p ≥ 1. Then there exists a universal constant cp such that

E

(∥∥∥∥∫ t

0

Φ(s) dW (s)

∥∥∥∥2p

H

)
≤ cpE

(∫ t

0

‖Φ(s)‖2L0
2
ds

)p
.

In particular, the following inequality, called the Burkholder-Davis-Gundy
inequality, holds

E

(
sup
t∈[0,T ]

∥∥∥∥∫ t

0

Φ(s) dW (s)

∥∥∥∥2p

H

)
≤ cpE

(∫ T

0

‖Φ(s)‖2L0
2
ds

)p
(iv) Quadratic variation: Let Mt :=

∫ t
0

Φ(s) dW (s), then

〈M〉t :=

∫ t

0

‖Φ(s)‖2L0
2
ds , t ∈ [0, T ] ,

is the unique continuous increasing (Ft)t≥0-adapted process starting at
zero such that

‖Mt‖2H − 〈M〉t , t ∈ [0, T ] ,

is an (Ft)t∈[0,T ]-martingale. It can be shown that for any sequence of
partitions (τn)n≥1 of [0, T ] with limn→∞ |τn| = 0 it follows that

(2.14) lim
n→∞

∑
ti∈τn,ti≤t

‖Mti+1
−Mti‖2H = 〈M〉t

uniformly in t, in probability. More general, given any h ∈ H, the process∫ t

0

‖
√
Q ◦ Φ(s)∗h‖2U ds , t ∈ [0.T ],

is the unique continuous (Ft)t∈[0,T ]-adapted process starting at zero such
that

〈Mt, h〉2H −
∫ t

0

‖
√
Q ◦ Φ(s)∗h‖2U ds , t ∈ [0, T ] ,

is an (Ft)t∈[0,T ]-martingale. In analogy with (2.14)

lim
n→∞

∑
ti∈τn,ti≤t

(
〈Mti+1

, h〉H − 〈Mti , h〉H
)2

=

∫ t

0

‖
√
Q ◦ Φ(s)∗h‖2U ds

uniformly in t, in probability.
(v) Regularity of the stochastic integral: let α < 1

2 be given. Then for any

Φ ∈ L2(ΩT ,PT ,PT ;L0
2)

Mt =

∫ t

0

Φ(s) dW (s) ∈Wα,2([0, T ];H)

where for a given Banach space E, the space Wα,2([0, T ];E) consists of
all functions M ∈ L2([0, T ];E) satisfying∫ T

0

∫ T

0

‖Ms −Mt‖2E
|s− t|1+2α

ds dt <∞ .
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Proof: The Wiener-Itô isometry implies that

E

(∫ T

0

∫ T

0

‖Mt −Ms‖2H
|t− s|1+2α

ds dt

)
=

∫ T

0

∫ T

0

E
(∫ s∨t

s∧t ‖Φ(r)‖2
L0

2
dr
)

|t− s|1+2α
ds dt

= 2

∫ T

0

∫ T

t

∫ s
t
E
(
‖Φ(r)‖2

L0
2

)
dr

|t− s|1+2α
ds dt

≤ . . . ≤ C(α)

∫ T

0

E
(
‖Φ(r)‖2L0

2

)
dr .

2.3.3. Appendix: Stochastic integration w.r.t. cylindrical Wiener

processes. The construction of stochastic integrals
∫ t

0
Φ(s) dW (s) can be extended

to the case where the covariance operator Q is only bounded, but not necessarily
of finite trace. To this end, one needs to extend the notion of a Q-Wiener process.
To simplify the presentation, we restrict ourselves to the particular case Q = I.

The representation of the Q-Wiener process obtained in Proposition 2.11 leads
in the case Q = I to the infinite series

W (t) =

∞∑
k=1

βk(t)ek , t ∈ [0, T ] ,

for independent one-dimensional Brownian motions βk, k ≥ 1. Note that this series
does not converge in U , since∥∥∥∥∥

n∑
k=1

βk(t)ek

∥∥∥∥∥
2

U

=

n∑
k=1

βk(t)2

and thus

E

∥∥∥∥∥
n∑
k=1

βk(t)ek

∥∥∥∥∥
2

U

 =

n∑
k=1

E(βk(t)2) = n · t ↑ ∞

for n → ∞. However, for any Hilbert space (U1, 〈 , 〉U1
) for which there exists a

Hilbert-Schmidt embedding J : U → U1 the infinite series converges in U1, since

E

∥∥∥∥∥J
(

n∑
k=1

βk(t)ek

)∥∥∥∥∥
2

U1

 =

n∑
k,l=1

E (〈βk(t)J(ek), βl(t)J(el)〉U1)

=

n∑
k=1

E
(
βk(t)2

)
‖J(ek)‖2U1

since E (βk(t)βl(t)) = δklt

=

n∑
k=1

t ‖J(ek)‖2U1
↑ t ‖J‖2L2(U,U1) .

Remark 2.20. U1 with the above properties always exists. For example, choose
a sequence (αk)k≥1 ∈ `2 with αk 6= 0 for all k, let U1 = U and define

J : U → U1 , u 7→
∞∑
k=1

αk〈u, ek〉Uek .
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In the following we fix a sequence of independent one-dimensional Brownian
motions βk, k ≥ 1, a CONS (ek)k≥1 of U and a Hilbert space U1 for which there
exists a Hilbert-Schmidt embedding J : U → U1. In particular, Q1 := J ◦ J∗ ∈
L(U1) is symmetric, positive definite with finite trace and the infinite series

W1(t) =

∞∑
k=1

βk(t)J(ek) , t ∈ [0, T ] ,

converges in M2
T (U1) and defines a Q1-Wiener process on U1.

For a given predictable process Φ satisfying

P

(∫ T

0

‖Φ(s)‖2L2(U,H) ds <∞

)
= 1 ,

using
‖Φ(s)‖2L2(U,H) = ‖Φ(s) ◦ J−1‖2L2(

√
Q1(U1),H) ,

we conclude that the stochastic integral∫ t

0

Φ(s) ◦ J−1 dW1(s)

w.r.t. the Q1-Wiener process is well-defined. Finally, we set∫ t

0

Φ(s) dW (s) :=

∫ t

0

Φ(s) ◦ J−1 dW1(s) .

The class of admissible integrands is given by

NW = {Φ : ΩT → L2(U,H) | Φ predictable and

P

(∫ T

0

‖Φ(s)‖2L2(U,H) ds <∞

)
= 1} .



Lecture 5

Stochastic Analysis on Hilbert Spaces

2.4. Strongly continuous semigroups

Throughout the whole section let (E, ‖·‖) be a Banach space.
We will need some further basic functional analytic facts on linear operators A

on the Banach space E. Mainly facts on the linear initial value problem

(2.15)

{
d
dtu(t) = Au(t) , t ≥ 0

u(0) = u0 ∈ D(A).

Here, D(A) denotes the domain of A. If A is bounded (with full domain D(A) = E),
a solution to (2.15) is given in terms of the operator exponential

u(t) := etAu0 =

∞∑
k=0

tk

k!
Aku0, t ≥ 0 .

Since the most relevant operators are however unbounded, like operators involving
the differential of a function, we need to find a suitable generalization. This is
provided with the theory of semigroups.

Definition 2.21. A family (Tt)t≥0 ⊆ L(E,E) of bounded continuous linear
operators on E is called a strongly-continuous semigroup (resp. C0-semigroup) (of
linear operators) if

(i) T0 = IdE =: I,
(ii) Tt ◦ Ts = Tt+s for all s, t ≥ 0,
(iii) t 7→ Ttu is continuous for all u ∈ E.

Given a C0-semigroup we can define a linear operator A with domain D(A) as
the derivative of Ttu in t = 0, if this derivative exists in E:

Au := lim
t↘0

1

t
(Ttu− u) ∈ E

with domain

D(A) :=

{
u ∈ E : ∃ lim

t↘0

1

t
(Ttu− u) ∈ E

}
.

The linear operator (A,D(A)) is called the infinitesimal generator of the C0-
semigroup.

Remark 2.22. (i) (A,D(A)) is densely defined, i.e., D(A) ⊆ E is dense.
(ii) A is a closed linear operator, i.e., the graph

Γ(A) := {(u,Au) | u ∈ D(A)} ⊂ E × E

is a closed subset in E × E. This is equivalent to say that if a sequence
(un)n≥1 ⊂ D(A) converges to some element u ∈ E and if in addition the
sequence (Aun)n≥1 is E-Cauchy, then this implies that u ∈ D(A) und
Au = lim

n→∞
Aun in E.

1
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The resolvent set ρ(A) of a closed linear operator A is defined as

ρ(A) := {λ ∈ C : λI −A : D(A) −→ E bijective}.

For λ ∈ ρ(A) the operator

Rλ := (λI −A)−1 : E −→ D(A)

is well-defined and continuous (!) due to the closed graph theorem. Rλ is
called the resolvent of A. The complement C\ρ(A) is called the spectrum
of A.

Theorem 2.23. (Hille-Yosida theorem) Let (A,D(A)) be a closed (linear) Op-
erator on E. Then th following statements are equivalent:

(i) A is the infinitesimal generator of a C0-semigroup (Tt)t≥0 with

‖Tt‖L(E) ≤Meωt, t ≥ 0,

for given constants M , ω.
(ii) D(A) ⊆ E dense, ρ(A) ⊃]ω,∞[ and

‖Rkλ‖L(E) ≤
M

(λ− ω)k
, k = 1, 2, ..., λ > ω.

In this case

Rλ =

∞∫
0

e−λtTtdt.

Remark 2.24. A C0-semigroup (Tt)t≥0 is called a C0-semigroup of contractions
if ‖Tt‖L(E) ≤ 1 for all t ≥ 0. In this particular case the Hille-Yosida theorem
simplifies considerably, because in this case the following statments are equivalent:

(i) A is the infinitesimal generator of C0-semigroup of contractions (Tt)t≥0.
(ii) ]0,∞[⊆ ρ(A) and

‖λRλ‖L(E) ≤ 1, ∀λ > 0.

Example 2.25. (i) Laplace operator on E = L2(Rd).
Let W (t), t ≥ 0, be the d-dimensional (continuous) Brownian motion.

Then Itô’s formula applied to some function f ∈ C2(Rd) yields

f(W (t)) = f(W (0)) +

t∫
0

∇f(W (s))dW (s) +
1

2

t∫
0

d∑
i=1

∂2
xixif(W (s))︸ ︷︷ ︸
=∆f(W (s))

ds.

If we define

Ttf(x) := Ef(W (t) + x) =
1

√
2πt

d

∫
Rd
f(y)e−

‖x−y‖2
2t dy

then (Tt)t≥0 is a C0-semigroup on L2(Rd) and one can show that

Af :=
1

2
∆f =

1

2

d∑
i=1

∂2
xixif
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is the infinitesimal generator, since

1

h
(Th(f(x))− f(x)) =

1

h
E(f(W (h) + x)− f(x))

=
1

h
E
( h∫

0

∇f(W (s) + x)dW (s) +
1

2

h∫
0

∆f(W (s) + x)ds

)

=
1

h
E

 h∫
0

∇f(W (s) + x)dW (s)


︸ ︷︷ ︸

=0

+
1

2
E
(

1

h

h∫
0

∆f(W (s) + x)ds

︸ ︷︷ ︸
=∆f(W (h)+x)

)

h↘0−→ 1

2
E (∆f(W (0) + x)) =

1

2
∆f(x).

The precise domain of the infinitesimal generator ∆ is given as D(∆) =
H2,2(Rd), which is the (Hilbert-) space of all L2-integrable functions hav-
ing L2-integrable weak derivatives up to second order.

(ii) Laplace operator on E = L2(D), D ⊆ Rd open. Define the first exit
time

τD = inf{t ≥ 0 : W (t) + x /∈ D}.
Then the family (Tt)t≥0 of linear operators

Ttf(x) := E(f(W (t) + x)|τD > t), t ≥ 0

is a C0-semigroup.

Also in this case 1
2∆ is the infinitesimal generator with domainD(∆) ⊆

H1,2
0 (D) ∩ H2,2(D), where H1,2

0 (D) denotes the (Hilbert-) space of two
rimes weakly differentiable functions f with f and all partial derivatives
up to second order L2-integrable and f vanishing on the boundary ∂D of
D.

Particular case D =]0, 1[
In this case, the functions

ek :=
√

2 sin(πkx), k = 1, 2, . . .

are a CONS, consisting of eigenfunctions of ∆ with corresponding eigen-
values −π2k2. In particular,

Ttek(x) := e−
t
2π

2k2ek(x), k ∈ N.

Hence, for general f ∈ L2(]0, 1[) we then have the following spectral
representation of the semigroup Tt

Ttf(x) =

∞∑
k=1

〈f, ek〉L2e−
t
2π

2k2ek(x).

In particular,

d

dt
Tt(f)

∣∣∣∣
T=t

= −π2
∞∑
k=1

k2〈f, ek〉L2ek
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and

D(∆) =

{
f ∈ L2(]0, 1[) :

∞∑
k=1

k4〈f, ek〉2 <∞

}



Lecture 6 CHAPTER 3

Stochastic differential equations on Hilbert spaces

3.1. Mild, weak and strong solutions

Throughout the whole section we fix two separable (real) Hilbert spaces U,H
and a Q-Wiener process (Wt)t≥0 w.r.t. (Ft)t≥0 on U . Consider the equation

(3.1)

{
dXt = [AXt +B(Xt)] dt+ C(Xt) dWt ∈ H
X0 = ξ

with

(A.1) (A,D(A)) generates a C0-semigroup (Tt)t≥0 on H
(A.2) B : H → H is B(H)-measurable
(A.3) C : H → L2(U0, H) is strongly continuous, i.e.,

x 7→ C(x)u ,H → H

is continuous for all u ∈ U0.
(A.4) ξ is H-valued and F0-measurable.

Notions of solutions

• mild solution: An H-valued predictable process (Xt)t∈[0,T ] satisfying

Xt = Ttξ +

∫ t

0

Tt−sB(Xs) ds+

∫ t

0

Tt−sC(Xs) dWs P− a.s. ,

for all t ∈ [0, T ], where all integrals have to be well-defined.
• (analytically) strong solution: A D(A)-valued predictable process

(Xt)t∈[0,T ] satisfying

Xt = ξ +

∫ t

0

[AXs +B(Xs)] ds+

∫ t

0

C(Xs) dWs P− a.s. ,

for all t ∈ [0, T ], where all integrals have to be well-defined.
• (analytically) weak solution: AnH-valued predictable process (Xt)t∈[0,T ]

satisfying

〈Xt, ϕ〉H = 〈ξ, ϕ〉H +

∫ t

0

〈Xs, A
∗ϕ〉H + 〈B(Xs), ϕ〉H ds

+

∫ t

0

〈ϕ,C(Xs) dWs〉H P− a.s. ,

for all t ∈ [0, T ], ϕ ∈ D(A∗). Here, (A∗, D(A∗)) is the dual operator of A
and it is required that all integrals are well-defined.

Interrelations between the different notions of solutions

1
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strong solution mild solution

weak solution

if∫ T
0 ‖AXt‖dt <∞∫ T
0 ‖B(Xt)‖dt <∞∫ T
0 ‖C(Xt) ◦

√
Q‖2L2(U,H)dt <∞

if∫ T
0 ‖Xt‖dt <∞∫ T
0 ‖B(Xt)‖dt <∞∫ T
0 ‖C(Xt) ◦

√
Q‖2L2(U,H)dt <∞

if∫ T
0 ‖B(Xt)‖dt <∞∫ T

0 E
(∫ t

0 ‖〈Tt−sC(Xs), A
∗ϕ〉L2(U,R)‖

2ds
)
dt

<∞ ∀ϕ ∈ D(A∗)

3.1.1. Existence and uniqueness of mild solutions. In this subsection
we discuss existence and uniqueness of mild solutions of (3.1) under the following
additional assumption:

(H.1) ‖B(t, x)−B(t, y)‖H + ‖(C(t, x)− C(t, y)) ◦
√
Q‖L2(U,H)

≤ L‖x− y‖H ∀x, y ∈ H, t ∈ [0, T ],

(H.2) ‖B(t, x)‖2H + ‖C(t, x) ◦
√
Q‖2L2(U,H) ≤M

(
1 + ‖x‖2H

)
∀x ∈ H, t ∈ [0, T ].

Theorem 3.1. Under hypotheses (A.1)-(A.4), (H.1) and (H.2) there exists a
unique mild solution of (3.1) satisfying

P

(∫ T

0

‖Xs‖2H ds <∞

)
= 1 .

(Xt)t∈[0,T ] has a continuous modification and

E

(
sup
t∈[0,T ]

‖Xt‖pH

)
≤ cp,T (1 + E (‖ξ‖p)) ∀p > 2 .

Proof. Application of Banach’s fixed point theorem.
Fix p ≥ 2 and define

Hp :=

{
Y : ΩT −→ H : Y predictable, ‖Y ‖pp := sup

t∈[0,T ]

E (‖Y (t)‖pH)
1
p <∞

}
.

Then (Hp, ‖·‖p) is a Banach space.

For Y ∈ Hp we define

K(Y )(t) := Tt(ξ) +

t∫
0

Tt−s(B(s, Y (s)))ds+

t∫
0

Tt−s(C(s, Y (s)))dW (s)

= Tt(ξ) +K1(Y )(t) +K2(Y )(t),

with

K1(Y )(t) :=

t∫
0

Tt−s(B(s, Y (s)))ds
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and

K2(Y )(t) :=

t∫
0

Tt−s(C(s, Y (s)))dW (s).

We will show that if E(‖ξ‖pH) <∞ this implies that K is a mapping

K : Hp −→ Hp
and a strict contraction for T sufficiently small.

Concerning K1:

E(‖K1(Y )(t)‖pH) = E

‖ t∫
0

Tt−s(B(s, Y (s)))ds‖pH


Bochner
≤ E

 t∫
0

‖Tt−s(B(s, Y (s)))‖Hds

p
Hölder
≤ tp−1E

( t∫
0

‖Tt−s(B(s, Y (s)))‖pH︸ ︷︷ ︸
≤Mp

1 ‖B(s, Y (s))‖pH︸ ︷︷ ︸
(H.2)
≤ 2pMp(1+‖Y (s)‖p

H
)

ds

)

t≤T
≤ 2pMp

1M
pT p(1 + ‖Y ‖pp)

For the stochastic part K2 we will apply Burkholder-Davis-Gundy inequality:

E(‖K2(Y )(t)‖pH) = E

‖ t∫
0

Tt−s(C(s, Y (s)))dW (s)‖pH


≤ cpE


 t∫

0

‖Tt−s(C(s, Y (s))) ◦
√
Q‖2L2(U,H)ds


p
2


≤ cpMp

1E


 t∫

0

‖C(s, Y (s)) ◦
√
Q‖2L2(U,H)ds


p
2


Hölder
≤

(H.2)
t≤T

cpM
p
1 2pMpT

p+1
2 (1 + ‖Y ‖pp)

These estimates show that K(Y ) ∈ Hp. To see that K is a strict contraction for
small T , observe that similar to the above estimates

E(‖K(Y1)(t)−K(Y2)(t)‖pH) ≤ 2p [E (‖(K1(Y1)−K1(Y2))(t)‖pH) + E (‖(K2(Y1)−K2(Y2))(t)‖pH)]

(H.1)

≤ cp(T
p + T

p+1
2 )︸ ︷︷ ︸

<1 for T small

‖Y1 − Y2‖pp.

The existence of a continuous modification will follow from Proposition 3.2 below.
�
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3.1.2. Existence of a continuous modification. First assume that E(‖ξ‖2pH ) <

∞ for some p > 1, so that in particular E

(
T∫
0

‖Xt‖2pdt

)
<∞. Let Φ(t) := C(t,Xt),

then

E

 T∫
0

‖Φ(t) ◦
√
Q‖2pL2(U,H)dt

 ≤M2pE

 T∫
0

(1 + ‖Xt‖2)pdt

 <∞.

The following proposition now implies that the process

t∫
0

Tt−sC(s,Xs)dWs, t ∈ [0, T ],

has a continuous modification.
The general case E(‖ξ‖2p) = ∞ follows from approximating ξ with ξn =

ξ1{‖ξ‖H≤n}.

Proposition 3.2. Let p > 1 and Φ ∈ L2p(ΩT ,PT ,PT ;L2), i.e.

E

 T∫
0

‖Φ(s) ◦
√
Q‖2pL2(U,H)ds

 <∞.

Then there exists a constant CT , such that

(3.2) E

 sup
t∈[0,T ]

‖
t∫

0

Tt−sΦ(s)dWs‖2pH

 ≤ CTE
 T∫

0

‖Φ(s) ◦
√
Q‖2pL2(U,H)ds

 .

Moreover, WA,Φ(t) :=
t∫

0

Tt−sΦ(s)dWs has a continuous modification.

Proof. We will use a technique, called the factorization method, based on
the following integral identity:

t∫
s

(t− r)α−1(r − s)−αds =
π

sin(πα)
∀α ∈

(
0,

1

2

)
∀s < t.

Indeed, substituting u = r−s
t−s yields

t∫
s

(t− r)α−1(r − s)−αdr =

1∫
0

(1− u)α−1u−αdu =
Γ(α)Γ(1− α)

Γ(1)
=

π

sin(πα)
=:

1

cα
.
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We can thus rewrite the convolution

(3.3)

WA,Φ(t) =

t∫
0

Tt−s(Φ(s))dW (s)

= cα

t∫
0

t∫
s

(t− r)α−1(r − s)−αdrTt−s(Φ(s))dW (s)

= cα

t∫
0

r∫
0

(t− r)α−1(r − s)−α Tt−s(Φ(s))︸ ︷︷ ︸
(Tt−r◦Tr−s)(Φ(s))

dW (s)dr

= cα

t∫
0

(t− r)α−1Tt−r

( r∫
0

(r − s)−αTr−s(Φ(s))dW (s)

︸ ︷︷ ︸
=:y(r)

)
dr.

Here we used in the third equality that we can interchange the order of integration
w.r.t. r and s (”stochastic Fubini theorem”), and in the fourth step we have used
linearity of (Tt).

Hence for p > 1
2α > 1 it follows that

‖WA,Φ(t)‖2pH = c2pα ‖
t∫

0

(t− r)α−1Tt−r(y(r))dr‖2pH

≤ c2pα

 t∫
0

(t− r)α−1‖Tt−r(y(r))‖Hdr

2p

≤ c2pα

 t∫
0

(t− r)
2p

2p−1 (α−1)dr

2p−1 t∫
0

‖Tt−r(y(r))‖2pH dr

≤ cα,p,T

t∫
0

‖Tt−r(y(r))‖2pH dr

Here we used Bochner’s inequality in the first step, then Hölder’s inequality in the
second step (applied to 2p and 2p

2p−1 ). In the last step we used the fact that

p >
1

2α
⇔ 2p

2p− 1
(α− 1) >

2p

2p− 1

(
1

2p
− 1

)
= −1.

It follows that

(3.4) sup
t∈[0,T ]

‖WA,Φ(t)‖2pH ≤ cα,p,T

T∫
0

‖y(r)‖2pH dr.

The Burkholder-Davis-Gundy inequality implies that

E
(
‖y(r)‖2pH

)
≤ CpE

 r∫
0

(r − s)−2α‖Φ(s) ◦
√
Q‖2L2

ds

p ,
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hence
(3.5)∫ T

0

E
(
‖y(r)‖2pH

)
dr ≤ CpE

(∫ T

0

(∫ r

0

(r − s)−2α‖Φ(s)) ◦
√
Q‖2L2

ds

)p
dr

)

≤ Cα,p,TE

(∫ T

0

∫ r

0

(r − s)−2α‖Φ(s)) ◦
√
Q‖2pL2

ds dr

)

≤ C̃α,p,TE

(∫ T

0

‖Φ(s)) ◦
√
Q‖2pL2

ds

)
.

In the second step we have used Jensens’ inequality, applied to the probability
measure

1

Z
(r − s)−2α ds on [0, r], with Z :=

∫ r

0

(r − s)−2α ds =
r1−2α

1− 2α
≤ T 1−2α

1− 2α
,

since(∫ r

0

(r − s)−2α‖Φ(s) ◦
√
Q‖2L2

ds

)p
≤ Zp−1

∫ r

0

(r − s)−2α‖Φ(s) ◦
√
Q‖2pL2

ds.

Combining with (3.4) implies

E

(
sup
t∈[0,T ]

‖WA,Φ(t)‖2pH

)
≤ Cα,p,TE

 T∫
0

‖Φ(s) ◦
√
Q‖2pL2

ds

 .

We will show next that the mapping

F : y 7→
t∫

0

(t− r)α−1Tt−ry(r) dr

maps L2p([0, T ];H) into C([0, T ];H) which will imply together with (3.3) and (3.5)
that WA,Φ has a continuous modification.

Note that similar to the proof of (3.4)

sup
t∈[0,T ]

‖F (y)(t)‖2pH ≤ cα,T,p

T∫
0

‖y(t)‖2pH dt.

Since C([0, T ];H) ⊂ L2p([0, T ];H) is dense, it therefore suffices to show that
t 7→ F (y)(t) is continuous, provided t 7→ y(t) is continuous. Indeed, we can ap-
proximate y ∈ L2p([0, T ];H) by a sequence (yn) ⊂ C([0, T ];H) converging to y in
L2p([0, T ];H). Then F (yn) converges uniformly to F (y), which implies that F (y)
is continuous too.
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So assume that t 7→ y(t) is continuous. We will then show that F (y) is right-
/left-continuous:

‖F (y(t+ h))− F (y(t))‖H

=

∥∥∥∥∥∥
t+h∫
0

(t+ h− r)α−1Tt+h−r(y(r))dr −
t∫

0

(t− r)α−1Tt−r(y(r))dr

∥∥∥∥∥∥
H

≤

∥∥∥∥∥∥
t∫

0

(t+ h− r)α−1Tt−r(Th(y(r)))dr −
t∫

0

(t− r)α−1Tt−r(y(r))dr

∥∥∥∥∥∥
H

+

∥∥∥∥∥∥
t+h∫
t

(t+ h− r)α−1Tt+h−r(y(r))dr

∥∥∥∥∥∥
H

≤
t∫

0

‖
(
(t+ h− r)α−1Th − (t− r)α−1

)
Tt−r(y(r))‖Hdr

+

t+h∫
t

(t+ h− r)α−1‖Tt+h−r(y(r))‖Hdr

h↘0−→ 0,

since
(
(t+ h− r)α−1Th − (t− r)α−1

)
Tt−r(y(r)) −→ 0 in H and bounded in the

H-norm by 2(t− r)α−1 up to some uniform constant, and (t+h− r)α−1Tt+h−ry(r)
also bounded in the H-norm up to some uniform constant by (t+ h− r)α−1.

The left-continuity is shown in a similar way, hence the assertion is proven. �



Lecture 7

Stochastic differential equations on Hilbert spaces

3.2. Stochastic differential equations with additive noise

In the particular case where the dispersion coefficient C does not depend on
the solution, equation (3.1) is called a stochastic differential equation with additive
noise. This case is very close to the deterministic analogue. Indeed, let

WA(t) :=

∫ t

0

Tt−sC dWs , t ∈ [0, T ] ,

be the stochastic convolution and suppose that (WA(t))t∈[0,T ] has a version with
continuous trajectories in H. Decomposing the mild solution

Xt = Yt +WA(t)

we formally obtain the following equation

(3.6) dYt = [AYt +B(Yt +WA(t))] dt , Y0 = ξ

for (Yt)t∈[0,T ]. Equation (3.6) can be seen as a deterministic evolution equation
with time-dependent random coefficients

B(·+WA(t)) .

In particular, if (3.6) has a unique mild solution (Yt(ω))t∈[0,T ] for P-a.e. ω and the
dependence of (Yt)t∈[0,T ] on ω is predictable, then Xt = Yt +WA(t), t ∈ [0, T ], is a
mild solution of (3.1).

2D-Stochastic Navier Stokes equations with additive noise

LetD ⊂ R2 be a bounded open domain with regular boundary ∂D. We consider
the following stochastic Navier-Stokes equations

(3.7)


∂tu(t, x)− ν∆u(t, x) + (u(t, x) · ∇)u(t, x) +∇p(t, x) = ξ̇t(x) t ∈ [0, T ], x ∈ D

div u(t, x) = 0 t ∈ [0, T ], x ∈ D
u(t, x) = 0 t ∈ [0, T ], x ∈ ∂D
u(0, x) = u0(x) x ∈ D ,

where (ξt)t≥0 is a (cylindrical) Wiener process. Here, u : [0, T ] × D → R2 is the
velocity field, ν > 0 the viscosity and p : [0, T ]×D → R denotes the pressure. We
will consider the equation in similar function spaces as for the deterministic case:

D∞0 =
{
u ∈ C∞0 (D;R2) , div u = 0

}
H = closure of D∞0 in L2(D;R2) w.r.t. ‖u‖2H :=

∫
D

|u|2 dx

V = closure of D∞0 in L2(D;R2) w.r.t. ‖u‖2V :=

∫
D

|Du|2 dx

Applying the Helmholtz projection Π : L2(D,R2) → H one obtains the following
abstract evolution equation

(3.8)

{
du(t) = [Au(t) +B(u(t), u(t)) + f(t)] dt+ C dWt

u(0) = u0

on H, where

1



2 STOCHASTIC DIFFERENTIAL EQUATIONS ON HILBERT SPACES

• A = Π∆D is the Stokes operator on H
• B : V × V → V ′, V ′〈B(u, v), w〉V = −

∫
D
w(x) · (u(x) · ∇)v(x) dx.

Theorem 3.3. If (WA(t))t∈[0,T ] has a version in V with continuous trajectories,
then (3.8) has a unique mild solution.

Proof. In this case, equation (3.6) can be written as

(3.9) dYt = [νAYt +B(Yt +WA(t))] dt , Y0 = u0 .

It is a classical result, that (3.9) has for ω with t 7→WA(t)(ω), [0, T ]→ V continu-

ous, a unique solution Y· ∈ L2([0, T ];V ), Ẏ· ∈ L1([0, T ];V ′) satisfying also

sup
t∈[0,T ]

‖Yt‖2H + ν

∫ T

0

‖Yt‖2V dt

≤ exp

(
2

ν

∫ T

0

‖WA(t)(ω)‖2V dt

)
(
‖u0‖2H +

1

ν

∫ T

0

‖WA(t)(ω)‖2H‖WA(t)(ω)‖2V dt

)
.

It can be also shown that the dependence of the unique solution Y· on ω is pre-
dictable, so that Xt = Yt +WA(t) is a mild solution of (3.8). �

Remark 3.4. Regularity properties of the stochastic convolution WA are well-
studied (see the monographs [1,2]). The main difficulty with WA is that it is not
a martingale w.r.t. t. This does not contradict the properties of the stochastic
integral, because for any t > 0 the process

W
(t)
A (s) =

∫ s

0

e(t−r)AC dWr , s ∈ [0, t] ,

is a martingale up to time t.

References:

1 G. Da Prato, J. Zabczyk, Stochastic Equations in Infinite Dimensions,
Cambridge University Press, 1992.

2 G. Da Prato, J. Zabczyk, Ergodicity for infinite dimensional systems,
Cambridge University Press, 1996.



Lecture 8
CHAPTER 4

Variational approach to stochastic partial
differential equations

4.1. Insertion from functional analysis: Weak topology

We start this chapter with a short insertion on basic functional analytic facts needed
in the following. Basic facts concerning weak topology, Banach-Alaoglu’s theorem,
Riesz’ representation theorem will be needed. In particular we will need the basic
fact that weak convergece + norm convergence implies strong convergence in Hilbert
spaces.

4.2. Variational approach to partial differential equations

Having recalled the required basic functional analytic facts, we are now ready for the
introduction to the variational approach to stochastic partial differential equations.
We first explain the basic concept in the deterministic case. To this end we will
first need the concept of a Gelfand triple.

Let H be a separable, real Hilbert space and let V ⊆ H be a second Hilbert space
such that the embedding V ↪→ H is dense and continuous. We assume that

‖h‖H ≤ ‖h‖V
for all h ∈ V .

Identifying H with its dual space H ′ = L(H,R) (using the Riesz-Isomorphism) we
obtain a dense and continuous embedding

H ∼= H ′ ↪→ V ′

via

h︸︷︷︸
∈H∼=H′

∼=︸︷︷︸
is the

embedding

(v 7→ 〈h, v〉H , v ∈ V︸ ︷︷ ︸
∈L(V,R)=V ′

)

for all h ∈ H. This means, that an element h from H ∼= H ′ is identified with the
linear functional

lh(v) := 〈h, v〉H , v ∈ V.
Note that

‖lh‖V ′ := sup
‖v‖V ≤1

lh(v)︸ ︷︷ ︸
〈h,v〉H

≤ sup
‖v‖V ≤1

‖h‖H‖v‖H ≤ sup
‖v‖V ≤1

‖h‖H‖v‖V ≤ ‖h‖H ,

hence, indeed, the embedding H ≡ H ′ ↪→ V ′ is continuous.

Let A ∈ L(V, V ′) be a bounded (hence continuous) linear operator A : V −→ V ′,
satisfying the following coercivity condition

∃λ, α > 0 such that

−〈Au, u〉 ≥ α‖u‖2V − λ‖u‖2H ∀u ∈ V.

1
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Example 4.1. Let D ⊂ Rd be an open subset, H = L2(D), V = H1(D), where

H1(D) = {u ∈ L2(D) : ∂xiu ∈ L2(D), i = 1, ..., d}
is the Sobolev space of one times weakly differentiable functions f with f and all
partial derivatives in L2(D).

Remark (weak derivatives - Sobolev spaces) ∂xiu is understood in the weak sense,
i.e., u ∈ H1(D) if and only if for all i there exists u(i) ∈ L2(D) such that the
following integration by parts formula

(4.1)

∫
D

∂xiϕ(x)u(x) dx = −
∫
D

ϕ(x)u(i)(x) dx

holds for all ”test-functions” ϕ ∈ C1
c (D). Here, C1

c (D) denotes the space of one
times differentiable functions having compact support in D. The function u(i) is
uniquely determined via the integration by parts formula (4.1). Indeed, let ũ(i) be
another weak derivative, satisfying the integration by parts formula (4.1), then∫

D

ϕ(x)
(
u(i)(x)− ũ(i)(x)

)
dx = −

∫
D

∂xiϕ(x)u(x)dx+

∫
D

∂xiϕ(x)u(x)dx = 0

for all ϕ ∈ C1
c (D) and thus u(i) = ũ(i).

It is clear that for u ∈ C1
c (Rd) the weak derivative ∂xiu (in L2(Rd)) exists and

coincides with the usual partial derivative, since∫
D

∂xiϕ(x)u(x) dx = −
∫
D

ϕ(x)∂xi(x) dx

H1(D) = H1,2(D) is again a separable real Hilbert space w.r.t. the inner product

〈u, v〉 :=

∫
D

uvdx+

d∑
i=1

∫
D

∂xiu∂xivdx.

Denote with H1
0 (D) ⊂ H1(D) the closure of C1

c (D) ⊂ H1(D). Then this closure is
called Sobolev space (of order 1) with Dirichlet boundary conditions.

Illustration (d = 1). Let D = (0, 1). u ∈ H1(D) implies that u is absolute
continuous, i.e.,

u(x)− u(y) =

y∫
x

u′(s)ds

with Radon-Nikodym derivative u′ ∈ L2(D). In particular, u has a continuous
version ũ. Moreover, u ∈ H1

0 (D) if and only if u ∈ H1(D) and ũ(0) = ũ(1) = 0.

Having introduced the Gelfand triple

H1(D) ↪→ L2(D) = L2(D)′ ↪→ H1(D)′

we can now realize the Laplace operator

∆ :=

d∑
i=1

∂2
xixi

as a continuous (!) linear operator ∆ : H1(D) −→ H1(D)′ as follows:
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Given some u ∈ H1(D) let ∆u ∈ H1(D)′ be the unique linear functional defined
by

v 7→ H1(D)′〈∆u, v〉H1(D) = −
d∑
i=1

∫
D

∂xiu ∂xiv dx, v ∈ H1(D).

Let us now consider the initial value problem

(4.2)

{
du
dt (t) = Au(t) + f(t), t ≥ 0

u(0) = u0.

Theorem 4.2. Let A ∈ L(V, V ′) be coercive, u0 ∈ H and f ∈ L2([0, T ];V ′).
Then equation (4.2) has a unique solution

u ∈ C([0, T ];H) ∩ L2([0, T ];V ).

We need the following lemma for the proof:

Lemma 4.3. Let u ∈ L2([0, T ];V ) be such that t 7→ u(t) is absolute continuous
with values in V ′ and suppose that du

dt ∈ L
2([0, T ];V ′). Then u ∈ C([0, T ];H) and

1

2

d

dt
‖u(t)‖2H = V ′〈

du

dt
(t), u(t)〉V a.e..

Proof. First note that u(t)−u(s) =
t∫
s

u′(r) dr implies for all v ∈ L2([0, T ];V )

that

V ′〈u(t)− u(s), v〉V =

t∫
s

〈u′(r), v〉dr
C.S.
≤

t∫
s

‖u′(r)‖V ′‖v‖V dr

C.S.
≤
√
t− s

 t∫
s

‖u′(r)‖2V ′dr


1
2

‖v‖V
s→t−→ 0.

Applying the above inequality to v = u(t)−u(s) we conclude that 1
t−s‖u(t)− u(s)‖2H

is bounded for all s < t. In particular, 1
h‖u(t+ h)− u(t)‖2H is bounded in t, h, so

that

1

2h
(‖u(t+ h)‖2H − ‖u(t)‖2H) =

1

2h

t+h∫
t

V ′〈u′(r), u(t+ h) + u(t)〉V dr

h↘0−→
Lebesgue

diff.
lemma

V ′〈u′(t), u(t)〉V .

�

Proof of Theorem 4.2. Uniqueness Let u, v ∈ L2([0, T ];V ) be two solutions
of (4.2). Then u− v solves the parabolic equation

d(u− v)

dt
(t) = A(u(t)− v(t))

with initial condition u(0)− v(0) = 0. Lemma (4.3) now implies that

1

2

d

dt
‖u(t)− v(t)‖2H = V ′〈A(u(t)− v(t)), u(t)− v(t)〉V

coercive
≤ λ‖u(t)− v(t)‖2H .
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Consequently,

d

dt

(
e−2λt‖u(t)− v(t)‖2H

)
= e−2λt

(
−2λ‖u(t)− v(t)‖2H + 2〈A(u(t)− v(t)), u(t)− v(t)〉

)
≤ e−2λt

(
−2λ‖u(t)− v(t)‖2H + 2λ‖u(t)− v(t)‖2H

)
= 0.

Since u(0)− v(0) = 0 and e−2λt is strictly positive it follows that

‖u(t)− v(t)‖H = 0

and therefore u(t)− v(t) = 0 proving the uniqueness part.

Existence
We will apply an approximation procedure called Galerkin-method. To this end
let (ek)k be a CONS of H consisting of elements in V . It is always possible to
choose such a system, since V is dense in H. Let

Vn := span{e1, ..., en}

be the n-dimensional subspace of V (and H too) spanned by the first n basis vectors.
It follows from the theory of (finite) systems of linear ordinary differential equations
that for all n ∈ N there exists un ∈ C([0, T ];Vn) such that

(4.3)

{
d
dt 〈un(t), ek〉 = 〈Aun(t), ek〉+ 〈f(t), ek〉, t ≥ 0

〈un(0), ek〉 = 〈u0, ek〉

for k = 1, . . . , n.

The next step consist of taking the limit n → ∞. An essential ingredient for this
is to derive the following a priori estimate

(4.4) sup
n≥1

 sup
t∈[0,T ]

‖un(t)‖2H +

T∫
0

‖un(t)‖2V dt

 <∞

which implies that the approximating sequence (un)n≥1 will be bounded in the
appropriate function spaces. For the proof of the a priori estimate note that (4.3)
implies

1

2

d

dt
‖un(t)‖2H =

1

2

d

dt

n∑
k=1

〈un(t), ek〉2

=

n∑
k=1

〈Aun(t) + f(t), ek〉〈un(t), ek〉

= 〈Aun(t) + f(t), un(t)〉
≤ −α‖un(t)‖2V + λ‖un(t)‖2H + ‖f(t)‖V ′‖un(t)‖V

≤ −α‖un(t)‖2V + λ‖un(t)‖2H +
1√
α
‖f(t)‖V ′

√
α‖un(t)‖V

Young-

≤
ineq.
−α

2
‖un(t)‖2V + λ‖un(t)‖2H +

1

2α
‖f(t)‖2V ′ .
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Integrating both sides of the inequality w.r.t. t yields that

‖un(t)‖2H + α

t∫
0

‖un(s)‖2V ds

≤ ‖u0‖2H + 2λ

t∫
0

‖un(s)‖2Hds+
1

α

t∫
0

‖f(s)‖V ′ds

≤ ‖u0‖2H +
1

α

t∫
0

‖f(s)‖V ′ds+ 2λ

t∫
0

‖un(s)‖2H + α

s∫
0

‖un(r)‖2V dr

 ds

Finally, Gronwall’s lemma implies the a priori estimate (4.4).
Using this boundedness, we can extract a subsequence, again denoted with un, con-
verging weakly to some u ∈ L2([0, T ];V ). Since Aun −→ Au weakly in L2([0, T ];V ′)
we obtain from (4.3) that

d

dt
〈u(t), ek〉 = 〈Au(t) + f(t), ek〉, k = 1, 2, . . .

and therefore
d

dt
u(t) = AU(t) + f(t)

which proves the assertion. �

4.2.1. Generalization to the nonlinear case. We assume that A : V −→
V ′ is still continuous and coercive, but not necessarily linear. The a priori estimate
(4.4) in the existence part in the proof of Theorem 4.2 remains true, so that we
can still extract a weakly convergent subsequence un → u in L2([0, T ];V ) satisfying
A(un)→ g in L2([0, T ];V ′) for some unknown element g. In contrast to the linear
case we cannot immediately conclude that A(u) = g. In order to do this, there are
the following two strategies:

1. Monotonicity (Dissipativity)
We assume the following monotonicity condition

(4.5) 〈A(u)−A(v), u− v〉 ≤ λ‖u− v‖2H for some λ ∈ R,

together with the boundedness assumption of the type

‖A(u)‖V ′ ≤M(1 + ‖u‖V ),

and a certain continuity assumption (see below).
For simplicity assume that (4.5) holds with λ = 0, otherwise we can pass w.l.o.g.
from the operator A(·) to the operator A(·)− λI. Then

T∫
0

〈A(un)−A(v), un − v〉(t)dt ≤ 0 ∀v ∈ L2([0, T ];V ).

The left hand side can be divided up into four terms. Three of these terms,

T∫
0

〈A(un), v〉(t)dt,
T∫

0

〈A(v), un〉(t)dt and

T∫
0

〈A(v), v〉(t)dt
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converge towards the expected limit. The only remaining difficult term is

T∫
0

〈A(un), un〉(t)dt =
1

2

(
‖un(T )‖2H −

n∑
k=1

〈u0, ek〉2
)
−

T∫
0

〈f, un〉(t)dt.

Again, the second and third term converge towards the expected limit, the first term
not necessarily. But, since un, n ≥ 1, is bounded, we can extract a subsequence
such that both, un → u weakly in L2([0, T ];V ) und un(T )→ u(T ) weakly in H.
Similar to the linear case we then have

d

dt
〈u(t), ek〉 = 〈g(t) + f(t), ek〉, k = 1, 2, . . .

and therefore d
dtu(t) = g(t)− f(t) ∈ V ′ which implies, using Lemma 4.3, that

T∫
0

〈g(t), u(t)〉dt =
1

2

(
‖u(T )‖2H − ‖u0‖2H

)
−

T∫
0

〈f(t), u(t)〉dt

≤ lim sup
n→∞

1

2

(
‖un(T )‖2H −

n∑
k=1

〈u0, ek〉2
)
−

T∫
0

〈f(t), un(t)〉dt

≤ lim sup
n→∞

T∫
0

〈A(un(t)), un(t)〉dt.

In fact we have for all v ∈ L2([0, T ];V )

T∫
0

〈g(t)−A(v(t)), u(t)−v(t)〉dt ≤ lim sup
n→∞

T∫
0

〈A(un(t))−A(v(t)), un(t)−v(t)〉dt ≤ 0.

Choosing v(t) = u(t) + θw(t) for any w ∈ L2([0, T ];V ) and θ > 0, implies that

T∫
0

〈g(t)−A((u+ θw)(t)), w(t)〉dt ≤ 0.

Taking the limit θ ↘ 0 and assuming that θ 7→ A((u + θw)(t)) is continuous, we
arrive at

T∫
0

〈g(t)−A(u(t)), w(t)〉dt ≤ 0 ∀w ∈ L2([0, T ];V ).

Since w is arbitrary we can conclude from this g = A(u).

This last argument is called the ”monotonicity trick”.

2. Compactness method
The basic additional assumption in this method is that the embedding V ↪→ H is
compact (and not only continuous). This means that that every bounded subset
A ⊂ V is precompact in H. This is not in general true for infinite dimensional
spaces, since the Bolzano-Weierstrass theorem only holds in finite dimensional vec-
tor spaces.
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Lemma 4.4. Let the embedding V ↪→ H be compact. Then

X := L2([0, T ];V ) ∩H1,2([0, T ];V ′) ↪→ L2([0, T ];H)

is compact too. In particular, any sequence (un) bounded in X contains a subse-
quence strongly convergent in L2([0, T ];H).

Proof. For ε > 0 define

Jεg(s) :=
1

2ε

∫ s+ε

s−ε
g(t) dt =

1

2ε

∫ ε

−ε
g(s+ t) dt.

(We extend any integrable mapping g : [0, T ]→ V by 0 to g : R→ V .) Clearly, Jε
defines a bounded linear operator from L2([0, T ];V ) into C([0, T ];V ) (resp. from
L2([0, T ];H) into C([0, T ];H)), since

‖Jεg(s)‖V =
1

2ε

∥∥∥∥∫ ε

−ε
g(s+ t) dt

∥∥∥∥
V

≤ 1

2ε

∫ ε

−ε
‖g(s+ t)‖V dt

≤ 1√
2ε

(∫ ε

−ε
‖g(s+ t)‖2V dt

) 1
2

≤ 1√
2ε
‖g‖L2([0,T ];V ).

We will next show that for ε > 0 the mapping Jε : X → C([0, T ];H) is compact
using Arzela-Ascoli’s theorem. To this end first note that for g ∈ X

d

ds
Jεg(s) =

1

2ε
(g(s+ ε)− g(s− ε))︸ ︷︷ ︸
∈L2([0,T ];V )

=
1

2ε

∫ ε

−ε

d

ds
g(s+ t) dt︸ ︷︷ ︸

∈L2([0,T ];V ′)

,

hence

‖Jεg(t2)− Jεg(t1)‖H =

∥∥∥∥∫ t2

t1

d

ds
Jεg(s) ds

∥∥∥∥
H

≤ 1

2ε

∫ t2

t1

‖g(s+ ε)− g(s− εg)‖H ds

≤ 1

2ε

√
t2 − t1

(∫ t2

t1

‖g(s+ ε)− g(s− εg)‖2H ds
) 1

2

≤
√
t2 − t1
ε

‖g‖X .

Suppose now that A ⊂ X is bounded. Then A ⊂ C([0, T ];H) is bounded and
uniformly equicontinuous, since

sup
|t1−t2|≤δ

sup
g∈A
‖g(t1)− g(t2)‖H

δ→0−→ 0.

Now Arzela-Ascoli’s theorem can be applied to conclude that A is relatively compact
in C([0, T ], H) and thus also in L2([0, T ];H).

We will prove next that

(4.6) ‖Jεg − g‖L2([0,T ];V ′) ≤
2
√
εT

3
‖g‖X .
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This will prove the assertion, since for gn ∈ X converging weakly to some g ∈ X,
is follows that Jεgn → Jεg strongly in L2([0, T ];H) for all ε > 0 and thus gn → g
strongly in L2([0, T ];H). Indeed: given ε̃ > 0, there exists Cε̃ such that

‖u‖L2([0,T ];H) ≤ ε̃‖u‖L2([0,T ];V ) + Cε̃‖u‖L2([0,T ];V ′)

for all u ∈ L2([0, T ];V ). Therefore,

‖gn − g‖L2([0,T ];H)

≤ ‖gn − Jεgn‖L2([0,T ];H) + ‖Jε(gn − g)‖L2([0,T ];H) + ‖Jεg − g‖L2([0,T ];H)

≤ ε̃‖gn − Jεgn‖L2([0,T ];V ) + Cε̃‖gn − Jεgn‖L2([0,T ];V ′) + ‖Jε(gn − g)‖L2([0,T ];H)

+ ε̃‖Jεg − g‖L2([0,T ];V ) + Cε̃‖Jεg − g‖L2([0,T ];V ′).

We can now choose ε > 0 such that

sup
n
Cε̃‖Jεgn − gn‖L2([0,T ];V ′) < ε̃

so that

lim sup
n→∞

‖gn − g‖L2([0,T ];H) ≤ 2ε̃ sup
n
‖gn − Jεgn‖L2([0,T ];V ) + 2ε̃

which implies the assertion, since ε̃ was arbitrary.

It remains to prove (4.6). But this follows from

‖Jεg(s)− g(s)‖V ′ =

∥∥∥∥ 1

2ε

∫ ε

−ε
g(s+ t)− g(s) dt

∥∥∥∥
V ′

=

∥∥∥∥ 1

2ε

∫ ε

−ε

∫ t

0

d

du
g(s+ u) du dt

∥∥∥∥
V ′

≤ 1

2ε

∫ ε

−ε

√
|t|

(∫ t

0

∥∥∥∥ ddug(s+ u)

∥∥∥∥2

V ′
du

) 1
2

dt

≤ 1

2ε

∫ ε

−ε

√
|t| dt‖g‖X =

2
√
ε

3
‖g‖X

and therefore

‖Jεg − g‖L2([0,T ];V ′) ≤
√
T sup
s∈[0,T ]

‖Jεg(s)− g(s)‖V ′ ≤
2
√
εT

3
‖g‖X .

�

Remark With this lemma we can now prove Theorem 4.2 for continuous nonlinear
A : V 7→ V ′ satisfying the coercivity assumption.



Lecture 9

Variational approach to stochastic partial
differential equations

4.3. The variational approach to stochastic partial differential equations

Let (Wt)t be an U -valued Q-Wiener process, where U is a separable real Hilbert
space. Let V,H be as in the previous section. The following set of assumptions will
set up the basic framework for our analysis.

Monotone-coercive SPDEs

Let A : V −→ V ′ and B : V −→ L(U,H) satisfy the following conditions:

(V.1) ∃α > 0, λ, ν such that

2〈A(u), u〉+ ‖B(u) ◦
√
Q‖2L2(U,H) ≤ −α‖u‖

2
V + λ‖u‖2H + ν ∀u ∈ V.

(V.2) ∃λ > 0 such that

2〈A(u)−A(v), u− v〉+ ‖(B(u)−B(v)) ◦
√
Q‖2L2(U,H) ≤ λ‖u− v‖

2
H ∀u, v ∈ V.

(V.3) ∃M > 0 such that

‖A(u)‖V ′ ≤M (1 + ‖u‖V ) ∀u ∈ V.
(V.4) ∀u, v, w ∈ V such that the mapping

λ 7→ 〈A(v + λu), w〉
is continuous.

Given A and B as above, we want to solve the following stochastic evolution equa-
tion

(4.7) du(t) = A(u(t))dt+B(u(t))dW (t), u(0) = u0.

The following theorem is the main result of the variational approach to SPDE:

Theorem 4.5. Under the assumptions (V.1) - (V.4) there exists for all u0 ∈ H
a uniquely determined adapted process u(t), t ≥ 0, such that u ∈ L2([0, T ];V ) ∩
C([0, T ];H) and satisfying the equation

〈u(t), v〉 = 〈u0, v〉+

t∫
0

〈A(u(s)), v〉ds+

t∫
0

〈v,B(u(s))dW (s)〉.

For the proof we will need the following version of Itô’s lemma:

Lemma 4.6. Let u0 ∈ H, u (resp. v) be an adapted process with paths in
L2([0, T ];V ) (resp. L2([0, T ];V ′)) and let M be a continuous H-valued local mar-
tingale, such that

u(t) = u0 +

t∫
0

v(s)ds+Mt.

Then:

1
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(i) u ∈ C([0, T ];H) a.s.,

(ii) ‖u(t)‖2H = ‖u0‖2H + 2
t∫

0

〈v(s), u(s)〉ds + 2
t∫

0

〈u(s), dMs〉 + 〈M〉t for all t ∈

[0, T ] a.s.

Proof. For all k ∈ N we have that

uk(t) := 〈u(t), ek〉 = 〈u0, ek〉+

t∫
0

〈v(s), ek〉ds+ 〈Mt, ek〉︸ ︷︷ ︸
=:Mk

t

is a continuous real-valued local semimartingale, such that Itô’s-formula now implies
that

du2
k(t) = 2〈v(t), ek〉uk(t)dt+ 2uk(t)dMk

t + d〈Mk〉t.
Summing up w.r.t. k yields

‖u(t)‖2H =

∞∑
k=1

u2
k(t)

=

∞∑
k=1

〈u0, ek〉2︸ ︷︷ ︸
=‖u0‖2H

+2

t∫
0

∞∑
k=1

〈v(s), ek〉uk(s)︸ ︷︷ ︸
=〈v(s),u(s)〉

ds

+ 2

t∫
0

∞∑
k=1

uk(s)dMk
s︸ ︷︷ ︸

=〈u(s),dMs〉

+

∞∑
k=1

〈Mk〉t︸ ︷︷ ︸
=〈M〉t

This proves (ii). For the proof of (i) note that u ∈ C([0, T ];V ′) (since u0 ∈ H ⊂ V ′
is continuous,

∫ t
0
v(s) ds ∈ V ′ is continuous and Mt ∈ H ⊂ V ′ continuous) and

therefore it remains to show that t 7→ u(t) is continuous in H w.r.t. the weak
topology, since (ii) implies that t 7→ ‖u(t)‖H is continuous.
To see the weak continuity, consider first some h ∈ V . Then

〈u(t), h〉 = 〈u0, h〉+

t∫
0

〈v(s), h〉ds+ 〈Mt, h〉

is obviously continuous. For arbitrary h ∈ H choose an approximating sequence
(hm)m ⊂ V , converging towards h in H. Then

sup
t∈[0,T ]

|〈u(t), h− hm〉| ≤ sup
t∈[0,T ]

‖u(t)‖H︸ ︷︷ ︸
<∞

‖h− hm‖H
m↗∞−→ 0.

Indeed, sup
t∈[0,T ]

‖u(t)‖H <∞ since u ∈ L∞([0, T ];H) due to part (ii) pf the lemma.

It follows that 〈u(t), hm〉 → 〈u(t), h〉 uniformly w.r.t. t, hence

t 7→ 〈u(t), h〉

is continuous too. �

We also need the following version of Itô’s formula:
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Lemma 4.7. Let Φ : H −→ R be two time continuously Frechet differentiable
with Φ′(u) ∈ V for all u ∈ V and such that u 7→ Φ′(u), V −→ V is continuous w.r.t.
the weak topology and ‖Φ′(u)‖V ≤ M (1 + ‖u‖V ). Then the following Itô-formula
holds:

Φ(u(t)) = Φ(u0)+

t∫
0

〈v(s),Φ′(u(s))〉ds+
t∫

0

〈Φ(u(s)), dMs〉+
1

2

t∫
0

tr (Φ′′(u(s))Q(s)) ds.

Here, Q(s) is the integrated covariance of M , i.e., the nonnegative semidefinite and
symmetric linear operator defined by

t∫
0

〈Q(s)h, g〉Hds = 〈〈M,h〉·, 〈M, g〉·〉t.

The proof of the Lemma is an exercise.

Proof of theorem 4.5.

Uniqueness Let u, v ∈ L2([0, T ];V )∩C([0, T ];H) be two adapted solutions of
(4.7). Define the stopping times

τn := inf{t ∈ [0, T ] : ‖u(t)‖2H > n or ‖v(t)‖2H or

t∫
0

‖u(s)‖2V ∨ ‖v(s)‖2V ds > n}.

Then τn
n↗∞−→ T a.s. and Lemma 4.6, applied to u− v, yields:

‖u− v‖2H = 2

t∫
0

〈A(u(s))−A(v(s)), u(s)− v(s)〉ds

+ 2

t∫
0

〈u(s)− v(s), (B(u(s))−B(v(s)))dW (s)〉

+

t∫
0

‖(B(u(s))−B(v(s))) ◦
√
Q‖2L2(U,H)ds

(V.2)

≤
t∫

0

〈u(s)− v(s), (B(u(s))−B(v(s))dW (s))〉

︸ ︷︷ ︸
martingale up to τn for all n∈N

+λ

t∫
0

‖u(s)− v(s)‖2Hds.

Taking expectations yields

E(‖u(t ∧ τn)− v(t ∧ τn)‖2H) ≤ λ
t∫

0

E(‖u(s ∧ τn)− v(s ∧ τn)‖2H)ds,

so that Gronwall’s lemma now implies that

‖u(t ∧ τn)− v(t ∧ τn)‖H = 0 a.s.

Taking the limit n→∞ we obtain that

u(t)− v(t) a.s.



4 VARIATIONAL APPROACH TO STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

which proves uniqueness.

The proof of existence is carried out in the following two lemmata. �

Again, let Vn = span{e1, ..., en}.

Lemma 4.8. For all n there exists an adapted process un ∈ C([0, T ];Vn), such
that
(4.8)

〈un(t), ek〉 = 〈un(t), ek〉 = 〈u0, ek〉+

t∫
0

〈A(un(s)), ek〉ds+

t∫
0

Bk(un(s))dWn(s)

where

• Bk(u)h := 〈B(u)h, ek〉,
• Wn(t) :=

n∑
l=1

〈W (t), fl〉fl, with (fl) being a CONS of U .

(W.l.o.g. let (fl) be eigenvectors of Q with corresponding eigenvalues λl ≥ 0.)

Lemma 4.9. The following a priori estimate holds:

sup
n

E

 sup
t∈[0,T ]

‖un(t)‖2H +

T∫
0

‖un(s)‖2V ds

 <∞.

We will postpone the proof of both lemmata and first complete the proof of the
existence part of Theorem 4.5.

Proof of existence part of Theorem 4.5

Lemma 4.9 implies, that the sequence (un)n is bounded in L2(Ω;C([0, T ];H)) ∩
L2(ΩT ;V ). This implies, using assumption (V.2):

(i) (A(un)n is bounded in L2(ΩT ;V ′) = L2(Ω;L2([0, T ];V ′)),
(ii) (B(un)◦

√
Q)n is bounded in L2(ΩT ;L2(U,H)) = L2(Ω;L2([0, T ];L2(U,H))).

Hence there exists a subsequence again denoted with (un)n, such that

(i) un −→ u weakly in L2(Ω;L2([0, T ];V )),
(ii) A(un) −→ g weakly in L2(Ω;L2([0, T ];V ′)),
(iii) B(un) ◦

√
Q −→ ξ ◦

√
Q weakly in L2(Ω;L2([0, T ];L2(U,H))).

We can take the limit n→∞ in (4.8) and deduce from this

〈u(t), ek〉 = 〈u0, ek〉+

t∫
0

〈g(s), ek〉ds+

t∫
0

〈ek, ξ ◦
√
Q〉dW (s)

It remains to prove that

Lemma 4.10. g = A(u) and ξ ◦
√
Q = B(u) ◦

√
Q.

Proof of Lemma 4.8. We can rewrite the integral equation (4.8) as a finite-
dimensional stochastic differential equation

(4.9) dũn(t) = Ã(ũn(t))dt+ B̃(ũn(t))dW̃n(t)

where
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• un(t) = in(ũn(t) and

in : Rn −→ Vn ⊂ V, ũ 7→
n∑
k=1

ũkek

denotes the natural embedding,

• Ã(ũ) = πnA(inũ) and

πn : V −→ Rn, u 7→ (〈u, ek〉)1≤k≤n

denotes the natural orthogonal projection,

• B̃(ũ) = (Bk(inũ))k=1,...,n,

• W̃n(t) = (〈W (t), fl〉)l=1,...,n for some CONS (fl)l of U .

Clearly, Ã and B̃ are continuous and

2〈Ã(ũ1)− Ã(ũ2), ũ1 − ũ2〉Rn + ‖(B̃(ũ1)− B̃(ũ2)) ◦
√
Q‖2Rn

= 2〈A(inũ1)−A(inũ2), inũ1 − inũ2〉+ ‖(B(inũ1)−B(inũ2)) ◦
√
Q‖2L2(U,H)

≤ λ‖in(ũ1 − ũ2)‖2H
= λ‖ũ1 − ũ2‖2Rn

and similarly,

2〈Ã(ũ), ũ〉Rn + ‖B̃(ũ) ◦
√
Q‖2Rn ≤ −α‖inũ‖2V + λ‖inũ‖2H + ν

≤ λ‖inũ‖2H + ν.

Now existence and uniqueness of the (probabilistically) strong solution to (4.9)
(and therefore also to (4.8)) follows from standard results on solutios to stochastic
differential equations (see, e.g. Wahrscheinlichkeitstheorie III). �

Proof of Lemma 4.9.

Applying Itô’s formula to(4.8) yields

〈un(t), ek〉2H = 〈u0, ek〉2H + 2

t∫
0

〈A(un(s)), ek〉〈un(s), ek〉ds

+ 2

t∫
0

〈un(s), ek〉Bk(un(s))dWn(s)

+

n∑
l=1

t∫
0

Bk(un(s))(
√
Qfl)

2ds.



6 VARIATIONAL APPROACH TO STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

Summing up w.r.t. k = 1, . . . , n yields

(4.10)

‖un(t)‖2H =

n∑
k=1

(
〈u0, ek〉2︸ ︷︷ ︸

≤‖u0‖2H

+2

t∫
0

〈A(un(s)), ek〉〈un(s), ek〉ds

+ 2

t∫
0

〈un(s), ek〉Bk(un(s))dWn(s)

︸ ︷︷ ︸
2
t∫
0

〈un(s),B(un(s))dWn(s)〉

+

n∑
l=1

t∫
0

Bk(un(s))(
√
Qfl)

2ds

︸ ︷︷ ︸
≤‖B(un(s))◦

√
Q‖2

L2(U,H)

)
.

Indeed, recall that Bk(u)h := 〈B(u)h, ek〉, k = 1, 2, . . . , n and in the following write

Bk,l(u) := 〈B(u)fl, ek〉 , k, l = 1, 2, . . . , n.

Then

Bk(u)dWn(s) =

n∑
l=1

Bk,l(u)d 〈W (s), fl〉︸ ︷︷ ︸
=:βls

and (βls) are 1-dimensional Brownian motions with covariance

d〈βl1s , βl2s 〉 = 〈Qfl1 , fl2〉U ds = ‖
√
Qfl1‖2δl1,l2 ds,

since fl are eigenvectors of Q. Consequently, the Itô corrections term for 〈un(t), ek〉2
has the form ∑

l1,l2

∫ t

0

Bk,l1(un(s))Bk,l2(un(s))‖
√
Qfl1‖2δl1,l2 ds

=

n∑
l=1

∫ t

0

Bk,l(un(s))2‖
√
Qfl‖2 ds.

Summing up w.r.t. k = 1, 2, . . . , n yields the Itô correction term for ‖un(t)‖2:

n∑
k=1

n∑
l=1

∫ t

0

Bk,l(un(s))2‖
√
Qfl‖2 ds

=

n∑
l=1

∫ t

0

‖Bn(un(s))fl‖2H‖
√
Qfl‖2︸ ︷︷ ︸

=‖Bn(un(s))◦
√
Qfl‖2H

ds

≤
∫ t

0

‖Bn(un(s)) ◦
√
Q‖2L2(U,H) ds

≤
∫ t

0

‖B(un(s)) ◦
√
Q‖2L2(U,H) ds.
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Taking expectations and using (V.1) we obtain that

E(‖un(t)‖2H) ≤ ‖u0‖2H − α
t∫

0

E(‖un(s)‖2V )ds+ λ

t∫
0

E(‖un(s)‖2H)ds+ νt

≤ ‖u0‖2H + νT + λ

t∫
0

E(‖un(s)‖2H)ds.

Gronwall’s lemma now implies that

E(‖un(t)‖2H) ≤ (‖u0‖2H + νT )eλt ≤ (‖u0‖2H + νT )eλT .

It follows that

α

T∫
0

E(‖un(s)‖2V )ds ≤ ‖u0‖2H + νT + λ

T∫
0

E(‖un(s)‖2H)ds

≤ ‖u0‖2H + cT,‖u0‖H ,λ,ν .

The upper bound on the right hand side is independent of n which proves the
boundedness of the second term.

In order to control the first term E
(

supt∈[0,T ] ‖un(t)‖2H
)

we have to derive an upper

bound of

sup
t∈[0,T ]

e−λt‖un(t)‖2H ≤ ‖u0‖2H+ sup
t∈[0,T ]

e−λtνt+ sup
t∈[0,T ]

t∫
0

e−λs〈un(s), B(un(s))dWn(s)〉.

But, the Burkholder-Davis-Gundy inequality implies

E

 sup
t∈[0,T ]

t∫
0

e−λs〈un(s), B(un(s))dWn(s)〉



≤ const. E


 T∫

0

n∑
l=1

e−2λs〈un(s), B(un(s)) ◦
√
Qfl〉2ds


1
2


C.S.
≤ const. E

 sup
t∈[0,T ]

e−
λt
2 ‖un(t)‖H

 T∫
0

eλ(T−s)‖B(un(s)) ◦
√
Q‖2L2(U,H)ds


1
2


Young

≤ 1

2
E

(
sup
t∈[0,T ]

e−λt‖un(t)‖2H

)
+

const.2

2
E

 T∫
0

eλ(T−s)‖B(un(s)) ◦
√
Q‖2L2(U,H)ds


︸ ︷︷ ︸

(V.3)

≤ E(1+
T∫
0

‖un(s)‖2V ds

Hence

E

(
sup
t∈[0,T ]

‖un(t)‖2H

)
≤ const.

where the constant is independent of n! This proves the boundedness of the first
term, hence the assertion. �
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Proof of Lemma 4.10.

We apply again the ”monotonicity-trick”. To this end assume w.l.o.g. that (V.2)
holds with λ = 0 (otherwise consider A(u)− λu). Then

T∫
0

2〈A(un(s)−A(v(s)), un(s)− v(s)〉+ ‖(B(un(s))−B(v(s)) ◦
√
Q‖2L2(U,H)ds ≤ 0

for all v ∈ L2([0, T ];V ). Weak convergence implies that

•
T∫
0

〈A(un), v〉ds −→
T∫
0

〈g, v〉ds for all v ∈ L2([0, T ];V ),

•
T∫
0

〈A(v, un〉ds −→
T∫
0

〈A(v), u〉ds for all v ∈ L2([0, T ];V ),

•
T∫
0

〈B(un)◦
√
Q,B(v)◦

√
Q〉L2(U,H)ds→

T∫
0

〈ξ ◦
√
Q,B(v)◦

√
Q〉L2(U,H)ds for

all v ∈ L2([0, T ];V )

weakly in L2(Ω). Suppose we have in addition that
(4.11)

E

 T∫
0

2〈g(s), u(s)〉+ ‖ξ ◦
√
Q‖2L2(U,H)ds


≤ lim inf

n→∞
E

 T∫
0

2〈A(un(s)), en(s)〉ds+

T∫
0

‖B(un(s)) ◦
√
Q‖2L2(U,H)ds

 .

It then follows for all v ∈ L2(Ω;L2([0, T ];V )) that

E

 T∫
0

2〈g(s)−A(v(s)), u(s)− v(s)〉+ ‖(ξ −B(v(s)) ◦
√
Q‖2L2(U,H)ds

 ≤ 0,

since

E

 T∫
0

2〈g(s)−A(v(s)), u(s)− v(s)〉+ ‖(ξ −B(v(s)) ◦
√
Q‖2L2(U,H)ds


≤ lim inf

n→∞
E

 T∫
0

2〈A(un)−A(v), un − v〉ds+

T∫
0

‖(B(un)−B(u)) ◦
√
Q‖2L2(U,H)ds


(V.2)

≤ 0.

Choosing first v = u we obtain that

E

 T∫
0

‖ξ ◦
√
Q−B(u) ◦

√
Q‖2L2(U,H)ds

 ≤ 0.

Since ‖·‖L2(U,H) ≥ 0 this implies

ξ ◦
√
Q = B(u) ◦

√
Q P− a.s.
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But then

E

 T∫
0

〈g(s)−A(v(s)), (u− v)(s)〉 ds

 ≤ 0

for all v ∈ L2(Ω;L2([0, T ];V )). Choosing this time v = u − θw, with θ > 0 and
w ∈ L2(Ω;L2([0, T ];V )) arbitrary, yields

θE

 T∫
0

〈g(s)−A(u(s)− θw(s)), w(s)〉ds

 ≤ 0.

Since A is hemi-continuous (due to (V.4)) we have that θ 7→ 〈A(u − θw), w〉 is
continuous. Hence taking the limit θ ↘ 0 implies that

E

 T∫
0

〈g(s)−A(u(s)), w(s)〉ds

 ≤ 0.

Since w was arbitrary, we conclude that g(s) = A(u(s)) a.s.

It remains to establish inequality (4.10). To this end note that (4.9) implies that

E

 T∫
0

2〈A(un(s)), un(s)〉+ ‖B(un(s)) ◦
√
Q‖2L2(U,H)ds


≥ E

(
‖un(T )‖2H

)
− ‖u0‖2H .

Hence (4.10) follows from the inequality

lim inf
n→∞

E
(
‖un(T )‖2H

)
≥ E

(
‖u(T )‖2H

)
,

which is a consequence of the weak convergence of un(T ) −→ u(T ) in L2(Ω;H)
along some subsequence. �

Example 4.11 (stochastic heat equation with multiplicative noise). Consider
the stochastic bilinear heat equation

∂tu(t, x) =
1

2
∂xxu(t, x) + θ∂xu(t, x)∂tWt, u(0, x) = u0(x)

with θ ∈ R. In this case

(1) A(u) = 1
2uxx : H1(R) ⊂ L2(R) ' L2(R)′ ⊂ (H1(R))′ and

(H1)′〈A(u), u〉H1 =
1

2

∫
uxxudx = −1

2

∫
uxuxdx = −1

2

∫
u2
xdx = −1

2
‖u‖2H1+

1

2
‖u‖2H

(2) B(u)h = ∂xuh with

‖B(u) ◦
√
Q‖2L2(U,H) = ‖∂xu ◦

√
Q‖2L2(U,H)

U=R
= ‖∂xu‖2L2(R),

(3) (Wt) is a 1-dimensional Wiener process (hence standard Brownian mo-
tion), i.e. U = R.

In this case the coercivity assumption (V.1)

2〈A(u), u〉+ ‖B(u) ◦
√
Q‖2L2(U,H) = (θ2 − 1)‖∂xu‖2L2(R)

is satisfied if and only if |θ| < 1.
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In the case θ = 1 we have that

u(t, x) := u0(x+Wt)

is an explicit solution, in the case θ = −1 we can consider u(t, x) = u0(x −Wt).
Indeed, an applications of Ito’s formula yields for u0 ∈ C2(R)

u0(x+Wt) = u0(x) +

t∫
0

∂xu0(x+Ws)dWs +
1

2

t∫
0

∂xxu0(x+Ws)ds

= u0(x) +

t∫
0

∂xu(s, x)dWs +
1

2

t∫
0

uxx(s, x)ds

It is clear that u(t, x) = u0(x + Wt) has the same spatial regularity as u0, hence
there is no regularizing effect in the case and the equation becomes hyperbolic.

In the case θ = 0 the spde reduces to the deterministic heat equation with
explicit solution

u(t, x) =
1√
2πt

∫
e−

(x−y)2
2t u0(y)dy

In the case |θ| > 1 we obtain that

2〈A(u), u〉+ ‖B(u) ◦
√
Q‖2 = −(1− θ2)‖∂xu‖2L2

which corresponds to a backward heat equation which is no longer well-posed.
Can one detect these effects in numerical simulations?



Lecture 10

Variational approach to stochastic partial
differential equations

4.4. Compactness method for solving SPDEs in the variational setting

We keep the assumptions (V.1) and (V.3), i.e.

(V.1) ∃α > 0, λ, ν such that

2〈A(u), u〉+ ‖B(u) ◦
√
Q‖L2(U,H) ≤ −α‖u‖2V + λ‖u‖2H + ν

(V.3) ∃M such that

‖A(u)‖V ′ ≤M(1 + ‖u‖V ).

This time we assume in addition

(V.5) ∃M, δ > 0, such that

‖B(u) ◦
√
Q‖L2(U,H) ≤M(1 + ‖u‖1−δV )

corresponding to sublinear growth since δ > 0.
(V.6) V ↪→ H ist compact, i.e., bounded subsets of V are precompact in H.
(V.7) u 7→ A(u) : Vweak ∩H −→ V ′weak is continuous,

u 7→ B(u) : Vweak ∩H −→ L2(U,H) is continuous.

Definition 4.12. A probability measure P on (Ω,F) is called a solution of the
martingale problem associated with the SPDE (4.7)

du(t) = A(u(t))dt+B(u(t))dW (t), u(0) = u0

if

(i) P(u(0) = u0) = 1,
(ii) the stochastic process

Mt := u(t)− u(0)−
t∫

0

A(u(s))ds

is a continuous H-valued P-martingale with associated increasing process

〈M〉t =

t∫
0

B(u(s)) ◦Q ◦B(u(s))∗ds.

The second condition in the above definition is equivalent to the following condition:

(ii’) Let (en) be a CONS of H consisting of elements ek ∈ V . Then for all
i ≥ 1, ϕ ∈ C2

b (R), 0 ≤ s ≤ t and any Φs continuous, bounded and
Fs-measurable:

E
[
(M i,ϕ

t −M i,ϕ
s )Φs

]
= 0,

1
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where

M i,ϕ
t := ϕ(〈u(t), ei〉H)− ϕ(〈u0, ei〉)

−

 t∫
0

ϕ′(〈u(s), ei〉)〈A(u(s)), ei〉ds

+
1

2

t∫
0

ϕ′′(〈u(s), ei〉〈(B ◦Q ◦B∗)(u(s))ei, ei〉ds

 .

Theorem 4.13. Under the assumptions (V.1), (V.3) and (V.5)-(V.8) there
exist a solution P to the martingale problem associated with (4.7).

Proof. We consider the same Galerkin approximation as in the proof of 4.5:
Vn := span{e1, ..., en} for some CONS (en) of H consisting of elements ek ∈ V . Let
Πn be the orthogonal projection in H onto Vn. Then there exists for all n ≥ 1 a
solution Pn on (Ω,F), such that

(0)n supp(Pn) ⊂ C([0, T ];Vn)
(i)n Pn(u(0) = Πnu0) = 1

(ii)n ∀ϕ ∈ C2
b (R) and Φs continuous, bounded and Fs-measurable

En
[
(M i,ϕ

t −M i,ϕ
s )Φs

]
= 0.

Pn is obtained as the law of the corresponding finite-dimensional stochastic differ-
ential equation.

Suppose now the following lemma holds:

Lemma 4.14. The sequence of probability measures (Pn)n∈N is tight on Ω.

Continuing the proof of Theorem 4.13

Lemma 4.14 implies that we can extract a subsequence, again denoted with (Pn)n,

such that Pn
w⇒ P weakly on C([0, T ];V ) ⊂ C([0, T ];H)︸ ︷︷ ︸

=Ω

. The limiting probability

measure P satisfies condition (i) and the mapping

Ω −→ R, ω 7→ (M i,ϕ
t (ω)−M i,ϕ

s (ω))Φs(ω)

is continuous on Ω.
The coercivity assumption (V.1) together with Lemma 4.9 implies that

sup
n∈N

En

 sup
t∈[0,T ]

‖u(t)‖2 +

T∫
0

‖u(t)‖2V ds

 <∞.

In particular, we obtain for some p > 1 (depending on δ in (V.5))

sup
n∈N

En
(
|M i,ϕ

t −M i,ϕ
s |p

)
<∞,
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since,

M i,ϕ
t −M i,ϕ

s = ϕ(〈u(t), ei〉)− ϕ(〈u(s), ei〉)︸ ︷︷ ︸
bounded

+

t∫
s

ϕ′(〈u(r), ei〉)︸ ︷︷ ︸
bounded

〈A(u(r)), ei〉︸ ︷︷ ︸
(V.3)

≤ M(1+‖u(r)‖V )‖ei‖V

dr

+
1

2

t∫
s

ϕ′′(〈u(r), ei〉)︸ ︷︷ ︸
bounded

〈(B ◦Q ◦B∗)(u(r))ei, ei〉︸ ︷︷ ︸
(V.5)

≤ M
(

1+‖u(r)‖2(1−δ)V ‖ei‖2V
)
dr,

so that ∣∣∣M i,ϕ
t −M i,ϕ

s

∣∣∣ w.l.o.g.

≤
δ≤ 1

2

Ms,t,ϕ,‖ei‖V ,T

1 +

T∫
0

‖u(s)‖2V ds

1−δ

and we can choose p = 1
1−δ > 1.

It follows that

lim
n→∞

En
(

(M i,ϕ
t −M i,ϕ

s )Φs

)
= E

(
(M i,ϕ

t −M i,ϕ
s )Φs

)
= 0,

which implies (ii). Indeed, for all K > 0,

ΨK := (−K) ∨
(
M i,ϕ
t −M i,ϕ

s

)
∧K

is bounded and continuous. Furthermore,∣∣En[(ΨK−(M i,ϕ
t −M i,ϕ

s ))Φs]
∣∣

≤ ‖Φs‖∞En
(
|M i,ϕ

t −M i,ϕ
s |1{|Mi,ϕ

t −M
i,ϕ
s |≥K}

)
≤ ‖Φs‖∞

1

Kp−1
En
(
|M i,ϕ

t −M i,ϕ
s |p

)
unif. in n−→
for K↗∞

0.

Consequently for all K:

lim
n→∞

∣∣En[(M i,ϕ
t −M i,ϕ

s )Φs]− E[(M i,ϕ
t −M i,ϕ

s )Φs]
∣∣

≤ ‖Φs‖∞ lim sup
n→∞

(
En(|(M i,ϕ

t −M i,ϕ
s )−ΨK |) + E(|(M i,ϕ

t −M i,ϕ
s )−ΨK |))

)
K↗∞−→ 0.

�

It remains to prove Lemma 4.14.

Proof of Lemma 4.14. Let

• τ1 be the weak topology on L2([0, T ];V ),
• τ2 be the uniform topology on C([0, T ];V ′),
• τ3 be the strong topology on L2([0, T ];H).
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We will show that (Pn)n is tight w.r.t. all three topologies. It will then follow
that there exists some subsequence, again denoted with (Pn)n, and a probability
measure P on C([0, T ];V ′) ∩ L2([0, T ];V ) such that

En(Φ(u)) = lim
n→∞

∫
Φ dPn =

∫
Φ dP

for all bounded Φ that are continuous w.r.t. τi, for some i = 1, 2, 3.

For given l and k let

K := {u ∈ C([0, T ];V ′) ∩ L2([0, T ];V ) | sup
t∈[0,T ]

‖u(t)‖H ≤ l,
T∫

0

‖u(t)‖2V dt ≤ k}.

The a priori moment estimates on the Galerkin approximation imply that Pn(Kc)
can be made arbitrarily small for large l and k uniformly in n ∈ N.

1. τ1-tightness This tightness follows from boundedness of K ⊂ L2([0, T ];V ) and
the fact that bounded subsets in separable Hilbert spaces (like L2([0, T ];V )) are
relatively weakly compact (Banach-Alaoglu).

2. τ2-tightness We have to show that for all h ∈ V with ‖h‖V = 1, the set of
functions

{t 7→ 〈u(t), h〉 : u ∈ K}

is a compact subset of C([0, T ]).

But this follow from Arzela-Ascoli’s theorem, since

(i) sup
u∈K
‖h‖V ≤1

|〈u(t), h〉H | <∞

(ii) sup
u∈K
‖h‖V ≤1

sup
|t−s|≤δ

|〈u(t), h〉 − 〈u(s), h〉| −→ 0 for δ ↘ 0 since, w.r.t. Pn,

|〈u(t), h〉 − 〈u(s), h〉| =

∣∣∣∣∣∣
t∫
s

〈A(u(r), h〉dr +

t∫
s

〈h,Bn(u(r))dWn(r)〉

∣∣∣∣∣∣
≤M

1 +

t∫
s

‖u(r)‖V dr

+

∣∣∣∣∣∣
t∫
s

〈h,Bn(u(r))dWn(r)〉

∣∣∣∣∣∣︸ ︷︷ ︸
(∗)
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In order to control (?), consider

En
(

sup
r∈[s,t]

∣∣∣∣
r∫
s

〈h,Bn(u(r))dWn(r)〉
∣∣∣∣p)

= En

(
sup
r∈[s,t]

∣∣∣∣〈h,∫ r

s

Bn(u(r))dWn(r)〉
∣∣∣∣p
)

Burkholder-
Davis-
Gundy

≤ cpEn
(( t∫

s

‖h‖2H ‖B(u(r)) ◦
√
Q‖2L2(U,H)︸ ︷︷ ︸

≤M(1+‖u(r)‖1−δV )2

dr

) p
2
)

≤ 2
p
2 cpM

p‖h‖pHEn
((

(t− s) +

∫ t

s

‖ur‖2(1−δ)
V dr

) p
2
)

≤ 2
p
2 +1cpM

p‖h‖pH

(
(t− s)

p
2 + (t− s)

p
2 δEn

(∫ t

s

‖ur‖2V dr
) p

2 (1−δ))

≤ 2
p
2 +1cpM

p‖h‖pH

(
(t− s)

p
2 + sup

n

(
En
(∫ t

s

‖ur‖2V dr
)) 2

p(1−δ)

(t− s)
p
2 δ

)
|t−s|↘0−→ 0 uniformly in ‖h‖V = 1.

3. τ3-tightness This will follow from the next lemma. �

Lemma 4.15. Given a sequence (un)n, bounded in L2([0, T ];V )∩L∞([0, T ];H)
and equicontinuous as V ′-valued functions, such that un(0) −→ u0 strongly in H,
one can extract a subsequence strongly convergent in L2([0, T ];H).

Proof. We will use the following fact: ∀ε > 0 ∃cε such that for all u ∈ V :

‖u‖H ≤ ε‖u‖V + cε‖u‖V ′ .

Indeed, otherwise we could find ε > 0 and a sequence (un)n such that

‖un‖H ≥ ε‖un‖V + n‖un‖V ′ .

But then, using ũn := un
‖un‖H , and

1 = ‖ũn‖H ≥ ε‖ũn‖V + n‖ũn‖V ′ ,

we can extract a weakly convergent subsequence ũn → ũ ∈ V for some ũ ∈ V ,
hence strongly convergent in H. Since

‖ũ‖V ′ = lim
n→∞

‖ũn‖V ′ ≤
1

n

n→∞−→ 0,

we obtain that ũ = 0, which gives a contradiction, since ũ 6= 0.

We know that there exists a subsequence (un)n converging to some u ∈ C([0, T ];V ′),
hence also in L2([0, T ];V ′). Clearly, u ∈ L2([0, T ];V ), hence for all ε > 0 there
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exists some cε such that

lim sup
n→∞

T∫
0

‖un(t)− u(t)‖2Hdt ≤ lim sup
n→∞

ε

T∫
0

‖un(t)− u(t)‖2V dt

+ lim sup
n→∞

cε

T∫
0

‖un(t)− u(t)‖2V ′dt︸ ︷︷ ︸
=0

≤ εT sup
t∈[0,T ]

‖un(t)− u(t)‖2V .

�
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Variational approach to stochastic partial
differential equations

4.5. Generalization of Theorem 4.5

We again consider the Gelfand triple V ↪→ H ∼= H ′ ↪→ V ′ for separable real
Hilbert spaces. Let us now formulate generalized conditions given in the monograph
[Prevot/Röckner: A concise course on SPDE, Springer] such that the main result,
Theorem 4.5, on existence and uniqueness of a variational solution to (4.7)

du(t) = A(t, u(t))dt+B(t, u(t))dW (t),

still holds true.

Again, let (W (t)) be some Q-Wiener process on a separable real Hilbert space U
and suppose that

• A = A(t, u, ω) : [0, T ]× V × Ω −→ V ′

• B = B(t, u, ω) : [0, T ]× V × Ω −→ L(U,H)

are progressively measurable. In the following we will suppress the ω-dependence,
just writing A(t, u) und B(t, u).

The generalizations of (V.1)-(V.4) are then given as follows:

(V.1) ∃α > 0, p ∈]1,∞[, λ ∈ R und an adapted process f ∈ L1([0, T ×Ω, dt⊗P),
such that

2〈A(t, u), u〉+ ‖B(t, u) ◦
√
Q‖2L2(U,H) ≤ −α‖u‖

p
V + λ‖u‖2H + f(t),

for all u ∈ V .
(V.2) ∃λ ∈ R, such that

2〈A(t, u1)−A(t, u2), u1−u2〉+ ‖(B(t, u1)−B(t, u2) ◦
√
Q‖2L2(U,H)

≤ λ‖u1 − u2‖2H ,

for all u1, u2 ∈ V .

(V.3) ∃M > 0 and an adapted process g ∈ L
p
p−1 ([0, T ] × Ω, dt ⊗ P), with the

same p as in (V.1), such that

‖A(t, u)‖V ′ ≤ g(t) +M‖u‖p−1
V

for all u ∈ V .
(V.4) ∀u, v, w ∈ V and ∀ω ∈ Ω the mapping

λ 7→ 〈A(t, u+ λv, ω), w〉
is continuous.

We then have the following analogous result:

Theorem 4.16. Under the generalized assumptions (V.1)-(V.4) there exists for
all u0 ∈ H a unique H-valued contiuous adapted process u(t), t ∈ [0, T ], such that
u ∈ Lp([0, T ]× Ω;V ) ∩ L2([0, T ]× Ω;H) satisfying the equation

〈u(t), v〉 = 〈u0, v〉+

t∫
0

〈A(s, u(s)), v〉ds+

t∫
0

〈v,B(s, u(s))dW (s)〉.

1
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The proof is similar to the proof of Theorem 4.5. It requires the following general-
ization of Itô’s formula:

Lemma 4.17. Let u0 ∈ H and u (resp. v) be an adapted process with u ∈
Lp([0, T ] × Ω;V ) (resp. v ∈ L

p
p−1 ([0, T ] × Ω;V ′)) and let M be a continuous local

martingale with E(〈M〉T ) <∞ (hence L2-bounded) such that

u(t) = u0 +

t∫
0

v(s)ds+Mt.

Then:

(i) u ∈ C([0, T ];H) a.s. and E

(
sup
t∈[0,T ]

‖u(t)‖2H

)
<∞

(ii) ‖u(t)‖2H = ‖u0‖2H + 2
t∫

0
V ′〈v(s), u(s)〉V ds+ 2

t∫
0

〈u(s), dMs〉+ 〈M〉t

Remark Note that

t∫
0

|〈v(s), u(s)〉|ds ≤
t∫

0

‖v(s)‖V ′‖u(s)‖V ds

Hölder
≤

 t∫
0

‖v(s)‖
p
p−1

V ′


p−1
p
 t∫

0

‖u(s)‖pV ds


1
p

<∞

is integrable, hence
t∫

0

〈v(s), u(s)ds〉 well-defined.

The novelty in this Lemma is the additional integrability E
(

supt∈[0,T ] ‖u(t)‖2H
)
<

∞, that can be proven as follows:

First note that

‖u(t)‖2H = ‖u(s)‖2H + 2

t∫
s

〈v(r), u(r)〉ds+ 2〈u(s),M(t)−M(s)〉

+ ‖M(t)−M(s)‖2H − ‖u(t)− u(s)− (M(t)−M(s))‖2H

which implies for s ≤ t

‖u(t)‖2H ≤ 2‖u(s)‖2H+2

 T∫
0

‖u(t)‖pV ds


1
p
 T∫

0

‖v(t)‖
p
p−1

V ′ dt


p−1
p

+2‖M(t)−M(s)‖2H .
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Hence

E

(
sup
t∈[0,T ]

‖u(t)‖2H

)
≤ 2‖u0‖2H + 2E

 T∫
0

‖u(t)‖pV dt


1
p

E

 T∫
0

‖v(t)‖
p
p−1

V ′ dt


p−1
p

+ 2E

(
sup
t∈[0,T ]

‖M(t)‖2H

)
︸ ︷︷ ︸

max.
≤

inequ.
2

(
2

2− 1

)2

︸ ︷︷ ︸
=8

E(‖M(T )‖2H)

<∞.

Proof of Theorem 4.16. The proof of uniqueness is exactly the same as in
Theorem 4.5. For the proof of existence we need the following a prior estimate on
Galerkin approximations: �

Lemma 4.18.

sup
n∈N

E

 sup
t∈[0,T ]

‖un(t)‖2H +

T∫
0

‖un(s)‖pV ds

 <∞.

Proof. Similar to the proof of 4.9, we apply Itô’s formula to obtain

〈un(t), ek〉2 = 〈u0, ek〉2 +

t∫
0

〈A(s, un(s)), ek〉〈un(s), ek〉ds

+ 2

t∫
0

〈un(s), ek〉Bk(s, un(s))dWn(s)

+

n∑
l=1

Bk(s, un(s)) ◦ (
√
Qfl)

2ds

and thus

e−λt‖un(t)‖ ≤ ‖u0‖2H + 2

t∫
0

e−λs
(
〈A(s, un(s)), un(s)〉 − λ‖un(s)‖2H

)
ds

+

t∫
0

e−λs〈un(s), B(s, un(s))dWn(s)〉

+

t∫
0

e−λs‖B(s, un(s)) ◦
√
Q‖2L2(U,H)ds

≤ ‖u0‖2H − α
t∫

0

e−λs‖un(s)‖pV ds+

t∫
0

e−λsf(s)ds

+ 2

t∫
0

e−λs〈un(s), B(s, un(s))Wn(s)〉.
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Taking expectations we first obtain that

e−λtE
(
‖un(s)‖2H

)
+ α

t∫
0

e−λsE (‖un(s)‖pV ) ds ≤ ‖u0‖2H + E

 t∫
0

e−λsf(s)ds


︸ ︷︷ ︸

<∞

,

hence

E

 T∫
0

‖un(s)‖pV ds

 ≤ eλT

α

‖u0‖2H + E

 T∫
0

|f(s)|ds

 <∞

uniformly in n. This proves the upper bound for the second term. For the first
term we

sup
s∈[0,t]

eλs‖un(s)‖2H ≤ ‖u0‖2H+

t∫
0

e−λs|f(s)|ds+2 sup
s∈[0,t]

s∫
0

e−λs〈un(r), B(r, un(r))dWn(r)〉

and using the Burkholder-Davis-Gundy inequality

E

(
sup
s∈[0,t]

e−λs‖un(s)‖2H

)
≤ ‖u0‖2H + E

 t∫
0

e−λs|f(s)|ds


+

1

2
E

(
sup
s∈[0,t]

e−λs‖un(s)‖2H

)

+
const.2

2
E

 t∫
0

e−λs‖B(s, un(s)) ◦
√
Q‖2L2(U,H)ds


︸ ︷︷ ︸

(V.3)

≤
t∫
0

e−λs0(λ‖un(s)‖2H+f(s)+g(s)+M‖un(s)‖pV )ds

hence

E

(
sup
s∈[0,t]

e−λs‖un(s)‖2H

)
≤ 2‖u0‖2H + 2E

 T∫
0

e−λs(2|f(s)|+ |g(s)|)ds


+ 2ME

 T∫
0

‖un(s)‖pV ds


+ λ

t∫
0

E

(
sup
r∈[0,s]

e−λr‖un(r)‖2H

)
ds,

which yields the upper bound for the first term, using Gronwall’s lemma. �

Example 4.19. Consider the following SPDE

(4.12) ∂tu(t, x) = (∂xxu(t, x) + f(t, u(t, x)))dt+ σ(t, x, u(t, x))
∂W

∂t
(t, x).

(4.12) is called a stochastic reaction-diffusion equation since the right hand side is
a superposition of diffusion generated by the Laplace operator and a (nonlinear)
reaction term f(t, u). We consider (4.12) on the unit interval for x ∈ [0, 1] with
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Neumann boundary conditions for the Laplace operator. Furthermore we assume
that σ are f continuous in (t, x, u) and satisfy:

(N.1) f(t, x, u)u ≤ −m|u|p + λu2 + f0(t, x) for all u ∈ R,
(N.2) For u, u1, u2 ∈ R and some λ0 ∈ R:

(i) (f(t, x, u1)− f(t, x, u2))(u1 − u2) ≤ λ0(u1 − u2)2,
(ii) (σ(t, x, u1)− σ(t, x, u2))2 ≤ λ0(u1 − u2)2,

(iii) σ2(t, x, u) ≤ λ0u
2

(N.3) |f(t, x, u)| ≤ g(t, x) +M |u|p−1 for some g ∈ L1([0, T ]× [0, T ]), M > 0.

Condition (N.3) implies, that the operator A(t, ·) : V −→ V ′ (with V = H1,2(0, 1))

is well-defined, since ‖u‖∞ ≤
√

2‖u‖V :

u ∈ V ⇒

∣∣∣∣∣∣u(x)−
1∫

0

u(y)dy

∣∣∣∣∣∣ ≤
1∫

0

|u(x)− u(y)dy ≤ ‖∂xu‖L2

⇒ |u(x)| ≤ ‖∂xur‖L2 + ‖u‖L2 ≤
√

2‖u‖V .

This implies for the operator A(t, u) = ∂xxu+ f(t, x, u) that

|〈A(t, u), v〉| =
∣∣∣∣

1∫
0

∂xxu v dx︸ ︷︷ ︸
=−

∫ 1
0
∂xu∂xv dx

+

1∫
0

f(t, x, u)v dx

∣∣∣∣

≤ ‖u‖V ‖v‖V +

1∫
0

g(t, x) dx+M

1∫
0

|u(x)|p−1|v(x)|dx

︸ ︷︷ ︸
≤‖u‖p−1

V ‖v‖V

so that

‖A(t, u)‖V ′ ≤ cp +

1∫
0

g(t, x) dx+ M̃‖u‖p−1
V

which implies that condition (V.3) holds.

Let (W (t))t≥0 be a Q-Wiener process on H. Then using (N.2):

‖(σ(t, x, u1)− σ(t, x, u2) ◦
√
Q‖2L2(U,H) =

∑
k≥1

‖(σ(t, x, u1)− σ(t, x, u2))2
√
Qek‖2H

≤
∑
k≥1

λ0

∫
(u1 − u2)2(x)(

√
Qek)2dx

≤ λ0‖
√
Q‖2L2(U,H)‖u1 − u2‖V .

Hence for λ0‖
√
Q‖2L2(U,H) < 1:

2〈A(t, u1)−A(t, u2), u1 − u2〉+ ‖(σ(t, u1)− σ(t, u2)) ◦
√
Q‖2L2(U,H)

≤ −2

∫
∂x(u1 − u2)2(x)dx+ 2λ0‖u1 − u2‖2L2 + λ0‖

√
Q‖2L2(U,H)‖u1 − u2‖2V

≤ (λ0‖
√
Q‖2L2(U,H) − 2)‖u1 − u2‖2V + 2(λ0 + 1)‖u1 − u2‖2H

which implies that (V.2) holds with λ = 2(λ0 + 1).
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Similarly,

2〈A(t, u), u〉+ ‖σ(t, u) ◦
√
Q‖2L2(U,H)

≤ −2‖∂xu‖2L2 + 2λ0‖
√
Q‖2L2(U,H)‖u‖

2
V −m

∫
|u|pdx+ λ

∫
|u|pdx+

∫
f0(t, x)dx

≤ 2
(
λ0‖
√
Q‖2L2(U,H) − 1

)
‖u‖2V −m

∫
|u(x)|pdx+ (λ+ 2)

∫
u2dx+

∫
f0(t, x)dx

which implies (V.1).

Condition (V.4) is satisfied due to the joint continuity of f and σ in (t, x, u).
We can now apply Theorem 4.16 to obtain a unique variational solution of the
stochastic reaction-diffusion equation

∂tu(t, x) = (∂xxu(t, x) + f(t, u(t, x)))dt+ σ(t, x, u(t, x))
∂W

∂t
(t, x).



Lecture 14
CHAPTER 5

Stochastic reaction-diffusion equations

5.2. SPDEs and associated Markov processes

Consider the general stochastic evolution equation

(5.1)

{
dX(t) = [AX(t) +B(X(t))] dt+ C(X(t))dW (t),

X(0) = ξ ∈ H

on some separable real Hilbert space H. Here, (W (t))t≥0 is a cylindrical Wiener
process on a possibly different second separable real Hilbert space U (hence co-
variance operator IdU ), defined on some underlying probability space (Ω,F , P ),
and adapted to some filtration (Ft)t≥0 that is assumed to be right-continuous and
complete in the sense that F0 contains all P -null sets.

5.2.1. Transition semigroup and Markov property. Suppose that for all
initial conditions ξ ∈ H (5.1) has a unique mild or variational solution X(t, ξ) and
that the family of transition probabilities

x 7→ pt(x,A) := P (X(t, x) ∈ A) , H → R

is measurable for all t ≥ 0 and A ∈ B(H). In this case the family of transition
probabilities defines a stochastic kernel on (H,B(H)) with associated integral op-
erators

PtF (x) := E(F (X(t, x))), t ≥ 0 .

operating on the space Bb(H) of bounded Borel measurable functions F : H → R.
The unique solution of (5.1) then satisfies the following (simple) Markov property

E (F (X(s+ t, ξ) | Fs) = PtF (X(s, ξ)) P − a.s.
for any s, t ≥ 0, which implies the Chapman-Kolmogorov equation Ps+t = Ps ◦ Pt,
i.e., the semigroup property for the family (Pt)t≥0.

Definition 5.1. (Pt)t≥0 is said to have the Feller property if Pt(Cb(H)) ⊂
Cb(H) for all t ≥ 0. Here, Cb(H) denotes the space of bounded continuous functions
F : H → R. If in addition Pt(Bb(H)) ⊂ Cb(H) for all t > 0, (Pt)t≥0 is said to have
the strong Feller property.

The (strong) Feller property of a semigroup (Pt)t≥0 of Markovian integral operators
has been identified in the classical theory of Markov processes on a locally compact
state space as a generic property that implies the existence of an associated (strong)
Markov process (see [1]). A large part of the potential theory, developed for (strong)
Markov processes on locally compact state spaces, can be carried over to the case
where the transition semigroup associated with (5.1) is (strong) Feller.

A sufficient condition for the Feller property is the continuous dependence in prob-
ability of the mild solution X(t, x) w.r.t. its initial condition, i.e., limn→∞ ‖xn −
x‖H = 0 implies

lim
n→∞

‖X(t, xn)−X(t, x)‖H = 0 in probability

1
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which holds under the following estimate

(5.2) E
(
‖X(t, x)−X(t, y)‖2H

)
≤ Ct‖x− y‖2H

for any two initial conditions x, y ∈ H, using Chebychev’s inequality. Estimate (5.2)
is implied by the assumption (H.1) made in Chapter 3 (resp. (V.2) in Chapter 4)
for the main existence theorem of a milde (resp. variational) solution. Various
generalizations can be found in the literature, see for example [3].

5.2.2. Kolmogorov operator. As emphasized in the previous subsection the
Markov property of the solution of (5.1) implies the semigroup property for the
associated transition semigroup (pt)t≥0 (resp. for the corresponding integral opera-
tors (Pt)t≥0). The function PtF should formally satisfy the (forward) Kolmogorov
equation

(5.3)
d

dt
PtF (x) = LPtF (x)

where

(5.4)
LF (x) =

1

2
tr(C(x)C(x)∗F ′′(x)) + 〈x,A∗F ′(x)〉H

+ 〈B(x), F ′(x)〉H

is called the Kolmogorov operator associated with (5.1) in honor of Kolmogorov
who was the first to formulate and to solve the forward and backward partial
differential equations satisfied by the transition probabilities of one-dimensional
diffusion processes (see [12]). Note that L is a differential operator of second
order and its precise domain of definition consists of all twice Frechet-differentiable
functions F : H → R satisfying F ′(x) ∈ D(A∗) for all x ∈ H. An appropriate
subspace of smooth test-functions is provided by the space

FC2
b (D(A∗)) = {F (x) = ϕ (〈x, e1〉, . . . , 〈x, en〉) | n ≥ 1, ϕ ∈ C2

b (Rn) ,

e1, . . . , en ∈ D(A∗)}

of twice Frechet-differentiable finitely based cylindrical test functions. If F ∈
FC2

b (D(A∗)) admits the representation F (x) = ϕ(〈x, e1〉, . . . , 〈x, en〉), then (5.4)
reduces to the following expression

LF (x) =
1

2

n∑
k,l=1

〈C(x)C(x)∗ek, el〉ϕxkxl(〈x, e1〉, . . . , 〈x, en〉)

+

n∑
k=1

(〈x,A∗ek〉+ 〈B(x), ek〉)ϕxk(〈x, e1〉, . . . , 〈x, en〉) .

The importance of the Kolmogorov operator consists of the fact that it is explicitly
given on smooth functions in contrast to the transition semigroup and that many
quantities associated with (5.1) can be estimated using L rather than (pt)t≥0. The
drawback of the Kolmogorov operator L however is that it might not uniquely
determine the transition semigroup because the solution of the forward Kolmogorov
equation might be nonunique. Rigorous results concerning existence and uniqueness
of solutions of equation (5.3) in the infinite dimensional case can be found in the
monograph [6].
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Suppose that for all x ∈ H (5.1) has a unique strong solution (X(t, x))t≥0 with
initial condition x. Then Ito’s formula (see Theorem 4.17 in [5]) implies for suitable
F in the domain of definition of the associated Kolmogorov operator L that

(5.5)

F (X(t, x)) = F (x) +

∫ t

0

LF (X(s, x)) ds

+

∫ t

0

〈F ′(X(s, x)), C(X(s, x))dW (s)〉 .

If E
(∫ t

0
|LF (X(s, x))|+ ‖C∗(X(s, x))F ′(X(s, x))‖2 ds

)
< ∞, t ≥ 0, then (5.5)

implies, taking expectations, that

PtF (x) = F (x) +

∫ t

0

PsLF (x) ds

so that similar to (5.3)

(5.6)
d

dt
PtF (x) = PtLF (x)

but with Pt and L interchanged. It requires further mathematical theory to iden-
tify sufficient conditions under which both equations (5.3) and (5.6) are in fact
equivalent.

5.3. Invariant measures

Many important properties of random dynamical systems modelled by (5.1) can be
read off from the long-time behaviour of its solution (X(t))t≥0. One can distinguish
between its pathwise behaviour and the statistical behaviour given in terms of the
transition probabilities (pt)t≥0. In this section we will concentrate on the latter
and introduce the basic concepts needed for a study of the long-time behaviour of
(pt)t≥0 and the associated semigroup (Pt)t≥0.

An important question in the understanding of the qualitative behaviour of (X(t))t≥0

for large time is the existence of stationary states of its transition probabilities,
since they correspond to a situation where the system described by (X(t))t≥0 is
in equilibrium. In contrast to the deterministic case, this is meant as a statistical
equilibrium rather that a pathwise equilibrium. Further questions then address
the qualitative properties of stationary states, e.g. their stability properties and
support properties.

It is natural to define a stationary state for the transition probabilities (pt)t≥0 of
(5.1) as a probability measure µ on H having the property that if the solution X(t)
has distribution µ at some time point, say t0, then the distribution of X(t) will be
the same for all later times t ≥ t0, hence invariant under time evolution. Using the
Markov property this implies in particular for all s ≥ 0 that∫

PsF (x)µ(dx) = E (PsF (X(t0))) = E (E (F (X(t0 + s)) | Ft0))

= E (F (X(t0 + s))) =

∫
F (x)µ(dx) .

An important subclass of stationary states are given by the class of (time-) reversible
states for (X(t))t≥0. By this we mean a probability measure µ with the property,
that if the solution of (5.1) has distribution µ at time t, the joint distribution of
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(X(t), X(t + s)) is the same as the joint distribution of the time-reversed process
(X(t+ s), X(t)). In particular,

E (F (X(t))G(X(t+ s))) = E (F (X(t+ s))G(X(t)))

or equivalently, using the Markov property,∫
F (x)PsG(x)µ(dx) = E (F (X(t))PsG(X(t)))

= E (F (X(t))E (G(X(t+ s)) | Ft))
= E (F (X(t))G(X(t+ s))) = E (F (X(t+ s))G(X(t)))

=

∫
PsF (x)G(x)µ(dx) .

Since the semigroup (Pt)t≥0 associated with (5.1) is in most cases not explicitely
given, it is convenient to look for alternative characterizations of invariance and
reversibility in terms of the associated Kolmogorov operator L. This motivates the
following

Definition 5.2. A probability measure µ on (the Borel σ-algebra of) H is
called

(i) invariant if∫
PtF dµ =

∫
F dµ ∀t ≥ 0 ∀F ∈ Bb(H) ,

(ii) infinitesimally invariant if

L(FC2
b (D(A∗))) ⊂ L1(µ) and

∫
LF dµ = 0 ∀F ∈ FC2

b (D(A∗)) ,

(iii) reversible if∫
PtF Gdµ =

∫
FPtGdµ ∀t ≥ 0 ∀F,G ∈ Bb(H) ,

(iv) symmetrizing if L(FC2
b (D(A∗))) ⊂ L1(µ) and∫

LF Gdµ =

∫
F LGdµ ∀F,G ∈ FC2

b (D(A∗)) .

Remark 5.3. Under weak assumptions on the coefficients, the following impli-
cations hold:

µ reversible ⇒ µ symmetrizing
⇓ ⇓

µ invariant ⇒ µ infinitesimally invariant

The implications “µ reversible ⇒ µ invariant” (resp. “µ symmetrizing ⇒ µ
infinitesimally invariant”) are obvious: simply choose G ≡ 1, then µ reversible (for
the semigroup (Pt)t≥0) implies∫

PtF dµ =

∫
PtF 1 dµ =

∫
F Pt1 dµ =

∫
F dµ
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since Pt1 = 1 (resp.
∫
LF dµ =

∫
LF 1 dµ =

∫
F L1 dµ = 0 since L1 = 0). The

remaining two implications “µ reversible ⇒ µ symmetrizing” (resp. “µ invariant
⇒ µ infinitesimally invariant”) follow from differentiating the semigroup in t = 0:∫

LF Gdµ =
d

dt

∫
PtF Gdµ|t=0 =

d

dt

∫
F PtGdµ|t=0 =

∫
F LGdµ

(resp.
∫
LF dµ = d

dt

∫
PtF dµ|t=0 = d

dt

∫
F dµ|t=0 = 0 ). None of the converse

implications hold true in general. Some finite-dimensional counterexamples may be
found in [2].

5.3.1. Existence of invariant measures – Krylov-Bogoliubov theory.
The existence of invariant measures for equation (5.1) is strongly related to its
stability properties. This was first observed and exploited in the finite dimensional
case by R.Z. Hasminskii in [9]. A crucial role is played by the family µT , T ≥ 0, of
mean occupation time measures

µT (A) :=
1

T

∫ T

0

P (X(t) ∈ A) dt , A ∈ B(H)

of the solution to (5.1). Indeed, if the system described by (X(t))t≥0 approaches a
stationary state it will spend with high probability most of the time in bounded,
in fact even relatively compact, subregions of its state space. The resulting prop-
erty for its mean occupation time measures is called tightness. This is the basic
observation exploited in the Krylov-Bogoliubov theory.

Theorem 5.4. (Krylov-Bogoliubov)
Assume that for some T0 > 0

• the transition semigroup (Pt)t≥0 associated with (5.1) is Feller,
• the family (µT )T≥T0

of mean occupation time measures is tight, i.e., for
all ε > 0 there exists a compact subset Kε ⊂ H with µT (Kε) ≥ 1 − ε,
T ≥ T0.

Then there exists an invariant measure µ for (5.1). Moreover, every limit µ∞
of some weakly convergent subsequence (µTn)n≥1 with Tn → ∞, is an invariant
measure.

The tightness of (µT )T≥T0 can be deduced from the existence of a (proper) Lya-
punov function V : H → R ∪ {+∞}, that is, a function with compact level sets
{V ≤ α}, α ∈ R, that satisfies

(5.7) sup
T≥T0

∫
V dµT <∞

or equivalently,

sup
T≥T0

1

T

∫ T

0

E(V (X(t))) dt <∞ .

To call V a Lyapunov function is motivated by the stability theory for deterministic
systems. In fact, for a deterministic evolution system (x(t))t≥0 a Lyapunov function
is a (sufficiently regular) function V for which V (x(t)) is decreasing in time, so that

1

T

∫ T

0

V (x(t)) dt ≤ V (x(0))
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remains bounded. The stochastic analogue therefore is a function V for which
E (V (X(t))) is decreasing in time, i.e., a function V for which V (X(t)) is decreasing
in the statistical average. It follows that∫

V dµT =
1

T

∫ T

0

E (V (X(t))) dt ≤ E (V (X(0)))

remains bounded. For the purposes of Theorem 5.4 it then suffices to require only
(5.7).

5.3.1.1. Linear equations. Consider the Ornstein-Uhlenbeck equation

(5.8) dX(t) = AX(t) dt+ C dW (t), X(0) = ξ .

Under the assumption that

Qt =

∫ t

0

esAQesA
∗
ds , Q := CC∗

is a trace class operator, there exists a unique mild solution

X(t) = etAξ +

∫ t

0

e(t−s)AC dW (s) , t ≥ 0

of (5.8) (not necessarily having a pathwise continuous version) and the correspond-
ing transition semigroup

PtF (x) = E (F (X(t)) | X(0) = x) , x ∈ H

is well-defined. Recall that

WA,C(t) =

∫ t

0

e(t−s)ACdW (s) ∼ N (0, Qt)

so that the following integral representation of the transition probabilities

(5.9)

PtF (x) =

∫
H

F (etAx+ w)N (0, Qt) (dw)

=

∫
H

F (w)N
(
etAx,Qt

)
(dw) ,

called Mehler’s formula, holds. The integral representation (5.9) is extremely useful
to deduce various further information on the process. In particular, a complete
solution to the problem of existence of invariant measures can be deduced. The
result is due to Snyders and Zakai in the finite-dimensional case (see [15]) and to
Zabczyk in the general Hilbert space case (see [4]).

Theorem 5.5. The following conditions are equivalent:

(i) ∃ invariant measure for (5.8)
(ii)

∫∞
0
‖etAC‖2L2(U,H) dt = supt≥0 tr (Qt) <∞

(iii) ∃ Q∞ ∈ L(H), Q∞ ≥ 0, symmetric, tr (Q∞) < ∞, satisfying the equa-
tion

(5.10) 2〈Q∞A∗x, x〉+ 〈Qx, x〉 = 0 ∀x ∈ D(A∗).

In this case, any invariant measure µ for (5.8) admits the representation

µ = ν ∗N
(

0,

∫ ∞
0

etAQetA
∗
dt

)
,
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where ν is invariant for x′ = Ax and

Q∞ =

∫ ∞
0

etAQetA
∗
dt

is the minimal nonnegative solution of (5.10).

5.3.1.2. Semilinear equations. The existence part in the previous theorem can
be extended to the semilinear case under the following assumptions:

(A.1) A is self-adjoint, of negative type and having a compact resolvent

In the following denote by Vγ = D((−A)γ), γ ∈ R, the real interpolation space
equipped with the scalar product

〈u, v〉γ := 〈(−A)γu, (−A)γv〉H + 〈u, v〉H , u, v ∈ Vγ .
(A.2) For some γ1 ≥ 0, B operates as a vector-field on Vγ1 and for any ini-

tial condition x ∈ Vγ1 (5.1) has a unique mild solution with continuous
trajectories in Vγ1 .

(A.3) The associated transition semigroup (Pt)t≥0 is Feller on Vγ1 .

Theorem 5.6. Suppose that for some γ0 > γ1

(A.4) ∃ ε0 > 0 such that

sup
t≥0

E
(
e
ε‖WA,C(t)‖2Vγ0

)
<∞ ∀ε < ε0

(A.5) – ∃ Ψ : Vγ1 → R+ Frechet-differentiable,
– ∃ Θ : Vγ0 → R+ coercive,
– ∃ β, δ ∈ R, ε1 < ε0 such that

〈Ay +B(y + w),Ψ′(y)〉Vγ1 ≤ −Θ(y) + βe
ε1‖w‖2Vγ0 + δ

for all y ∈ V1+γ1 , w ∈ Vγ0 .

Then (µT )T≥1 is tight on Vγ1 for any initial condition ξ ∈ Vγ1 . Moreover, any limit
point µ of some weakly convergent subsequence of (µT )T≥1 is an invariant measure
of (5.1) and ∫

F (x)µ(dx) <∞

for any continuous F : Vγ → R+, γ < γ0, satisfying the growth condition

F (y + w) ≤ c1Θ(y) + c2e
ε1‖w‖2Vγ0 + c3 ∀y ∈ Vγ1 , w ∈ Vγ0 .

The proof of the Theorem (for the case of additive noise) can be found in [7].

Example 5.7. In the example of the stochastic reaction diffusion equation

dX(t) = [∆X(t)− f(X(t))] dt+ (−∆)
−β

dW (t)

on L2([0, 1]) with f(t) = a2n+1t
2n+1 + . . . + a1t with a2n+1 < 0, let ∆ be the

Dirichlet-Laplacian. Then for β > 0, 1
4 < γ < 1

4 + β, β < γ
2(2n+1) , the evolution

equation has an invariant measure µ satisfying the moment estimates

•
∫
‖x‖2Vγ µ(dx) <∞

•
∫
eε‖x‖

2
(2n+1)(n+1)

µ(dx) <∞
•
∫
‖xr‖2 µ(dx) <∞ ∀r ≥ 1
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(see [7]).

Remark 5.8. Comments on the assumptions (A.4) and (A.5):

(i) The exponential moment estimate

(5.11) E

exp

ε∥∥∥∥∥
∫ T

0

Φ(s) dW (s)

∥∥∥∥∥
2

H

 ≤ 1

1− εA22eK
<∞

for ε < 1
A22eK (see [10] and Exercises to Chapter 3) implies that the exponen-

tial moment estimate required for the stochastic convolution WA,C(t) in (A.4) is
satisfied for bounded dispersion coefficients∫ ∞

0

sup
x∈H
‖etAC(x)‖2L2(U,Vγ1 ) dt <∞ .

(ii) In the case of a classical Lyapunov function of polynomial type

〈Ay +B(y + w), y〉H ≤ −α‖y‖2V 1
2

+ β‖w‖2sVγ0 + δ

for some s ≥ 1, α > 0, β, δ ∈ R, the theorem implies the following exponential
moment estimate

K(ε) =

∫
eε‖x‖

2
s
H µ(dx) <∞ for ε ≤ ε1 .

In particular, µ has (sub-) Gaussian tails µ (‖x‖H ≥ R) ≤ K(ε1)e−ε1R
2
s , R > 0.

5.3.1.3. Further examples. (a) symmetrizing measures

It is well-known that for a smooth potential ϕ : Rd → R satisfying Z :=
∫
e2ϕ dx <

∞ and
∫
|∇ϕ|e2ϕ dx < ∞ the measure µ := Z−1e2ϕ(x) dx is the unique invariant

(and in fact reversible, hence symmetrizing) measure for the transition semigroup
associated with the stochastic (ordinary) differential equation

(5.12) dX(t) = ∇ϕ(X(t)) dt+ dW (t) ∈ Rd

(see [2]). The example ultimately goes back to Kolmogorov, who in his classical
paper [13], fully characterized reversible measures of diffusions on compact man-
ifolds in terms of the coefficients of the associated generator. To see that µ is
symmetrizing, note that it satisfies the following integration by parts formula

(5.13)

∫
∂xkF (x)µ(dx) = −2

∫
F (x)∂xkϕ(x)µ(dx) ∀F ∈ C1

b (Rd)

so that for the Kolmogorov operator

LF (x) =
1

2
∆F (x) + 〈∇ϕ(x),∇F (x)〉

we obtain that ∫
LF Gdµ = −

∫
〈∇F,∇G〉 dµ =

∫
F LGdµ .

This observation can be extended to the infinite dimensional setting as follows:
A sufficient (and in many cases also necessary) condition for the existence of a
symmetrizing measure for the stochastic evolution equation (5.1) is the existence
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of a measure µ satisfying appropriate integrability conditions and the integration
by parts formula

(5.14)

∫
〈C(x)C(x)∗F ′(x), l〉µ(dx) = −2

∫
(〈x,A∗l〉+ 〈B(x), l〉)F (x)µ(dx)

for any l ∈ D(A∗).

Illustrations Assume that C(x)C(x)∗ ≡ Q > 0 is constant and Q−1 bounded.
Then (5.14) is equivalent with

(5.15)

∫
∂lF (x)µ(dx) = −2

∫ (
〈x,A∗Q−1l〉+ 〈B(x), Q−1l〉

)
F (x)µ(dx)

for any l satisfying Q−1l ∈ D(A∗). Under the additional assumption that

(5.16) AQ = QA∗

and Q−1A is invertible with bounded inverse, the linear part 〈x,A∗Q−1l〉 in the
logarithmic derivative can be identified as the logarithmic derivative of the Gaussian
measure N(0, 1

2QA
−1) which implies that it is the, in fact unique, symmetrizing

measure of the linear stochastic evolution equation

dX(t) = AX(t) dt+ C dW (t) .

Suppose now that Q = IdH , so that (5.16) implies that A = A∗, i.e., A self-adjoint,
and B = ϕ′ for some potential ϕ : H → R satisfying some growth condition (e.g.
bounded from above). Then, similar to the finite-dimensional case,

2〈x,Al〉+ 〈ϕ′(x), l〉 , l ∈ D(A)

is the logarithmic derivative of the measure

(5.17) µ(dx) ∝ e2ϕ(x)N

(
0,

1

2
A−1

)
(dx)

(see [16], [14]). The above factorization of the symmetrizing measure is not unique
and might be in fact not appropriate in given examples.

(b) infinitesimally invariant measures

An important class of stochastic evolution equations with invariant measures is
provided by equations where the nonlinear part of the drift has an infinitesimally
conserved quantity in the sense of the following two examples:

Example 5.9. (i) Stochastic Burgers equation

dX(t) =
[
γ∆X(t) + ∂ξ(X(t)2)

]
dt+ C dW (t)

on the space L2([0, 1]) with Dirichlet boundary conditions. In this case, the L2-norm

is an infinitesimally conserved quantity for ∂ξ
(
X(t)2

)
, since

∫ 1

0
∂ξ(u

2)u dξ = 0 for

u ∈ H1,2
0 ([0, 1]).

(ii) Stochastic Navier-Stokes equations

dX(t) = [γ∆SX(t)−Π (X(t) · ∇)X(t)] dt+ C dW (t) , div X(t) = 0

on the space L2
0([0, 1]d;Rd) of divergence-free, square-integrable vector-fields. In

this case, the L2-norm is an infinitesimally conserved quantity for the convection



term, since
∫

[0,1]d
〈(u · ∇)u, u〉 dξ = 0 for smooth, divergence-free vector-fields u

with periodic boundary conditions.

In both examples existence of stationary martingale solutions can be obtained in the
case where the covariance operator Q = CC∗ has finite trace, using the compact-
ness method, first presented in the paper [8] (see also [11] for the case of stochastic
Navier-Stokes Coriolis equations). The corresponding invariant distribution µ sat-
isfies the exponential moment estimate∫ (

1 + ‖x‖2V 1
2

)
eε‖x‖

2
H µ(dx) <∞ for ε <

γ

‖Q‖L(U,H)
.
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APPENDIX A

Elements of linear functional analysis

We briefly discuss basic terminology from linear functional analysis, which is
the mathematical of linear operators on general vector spaces. All this can be taken
from elementary textbooks on functional analysis.

A.1. Banach and Hilbert spaces

Definition A.1. Let E be a real vector space. A map E → R, x 7→ ‖x‖, is
called a norm on E if

(i) ‖x‖ ≥ 0 for all x ∈ E and ‖x‖ ≥ 0 iff x = 0;
(ii) ‖αx‖ = |α|‖x‖ for all x ∈ E and α ∈ R;
(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ E (triangle inequality).

(E, , ‖ · ‖) or simply E is called a normed vector space.

The following is obvious: Let (E, , ‖ · ‖) be a normed vector space. Then

d(x, y) := ‖x− y‖
for all x, y ∈ E defines a metric on E.

Definition A.2. A normed space which is complete w.r.t. the metric induced
by the norm is called a Banach space.

In other words: A normed vector space E is a Banach space iff every Cauchy-
sequence (xn) ⊂ E is convergent (in E).

Definition A.3. Let E be a real vector space. A map 〈·, ·〉 : E × E → R, is
called a scalar product on E if

(i) 〈x, y〉 = 〈y, x〉 for all x, y ∈ E;
(ii) 〈x, x〉 ≥ 0 for all x ∈ E and 〈x, x〉 = 0 iff x = 0;
(iii) 〈αx+ βy, z〉 = α〈x, z〉+ β〈y, z〉 for all x, y, z ∈ E and α, β ∈ R.

(E, , 〈·, ·〉) or simply E is called a inner product vector space.

Theorem A.4. (Cauchy-Schwarz inequality) Let (E, 〈·, ·〉) be an inner product
vector space. Then

(A.1) |〈x, y〉| ≤ ‖x‖‖y‖
for all x, y ∈ E with equality iff x and y are linearly dependent.

The following is obvious from (A.1): Let (E, , 〈·, ·〉) be an inner product vector
space. Then

‖x‖ :=
√
〈x, x〉

for all x ∈ E defines a norm on E.

Definition A.5. (Hilbert space) An inner product vector space which is com-
plete with respect to the induced norm is called a Hilbert space.

1
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A.2. Orthogonality, orthonormal systems, Parseval’s identity

Recall that two vectors u and v of an inner product space are called orthogonal
if 〈u, v〉 = 0.

Definition A.6. Let H be an inner product space with inner product 〈·, ·〉
and induced norm ‖ · ‖. Let M ⊂ H be a non-empty subset.

(i) M is called an orthogonal system if 〈u, v〉 = 0 for all u,v ∈M with u 6= v.
(ii) M is called an orthonormal system if it is an orthogonal system and‖u‖ =

1 for all u ∈M .
(iii) M is called a complete orthonormal system or orthonormal basis of H if

it is an orthogonal system and span(M) = H.

A.3. Linear operators

As already mentioned several times, a linear operator L : E → F between two
Banach spaces need not be continuous if the domain E is infinite dimensional. A
classical example is the derivative

Lf :=

{
f ′ if f ∈ C1([0, 1])

0 otherwise

as a linear operator on the Banach space C([0, 1]) of continuous functions on [0, 1]
(endowed with the supremum-norm). Here, C1([0, 1]) denotes the subspace of one
times continuously differentiable functions. Then, e.g. fn(x) := 1

nx
n → 0 in

C([0, 1]), but Lfn(x) = xn−1 is not converging to 0.
In the following let E,F be two (real) normed vector spaces. We denote with

L(E,F ) the space of continuous linear operators L : E → F . We then have the
following fundamental theorem of linear operators between normed vector spaces:

Theorem A.7. For L : E → F linear, the following statements are equivalent:

(i) L is uniformly continuous;
(ii) L ∈ L(E,F ), i.e., L is continuous;
(iii) L is continuous at x = 0;
(iv) L is bounded;
(v) There exists α > 0 such that ‖Lx‖F ≤ α‖x‖E for all x ∈ E.

Proof. The implications (i) ⇒ (ii) and (ii) ⇒ (iii) are obvious. Suppose
that L is continuous at x = 0 and let U ⊂ E be any bounded subset, and let
M := supx∈M ‖x‖E be its upper bound. We have to show that L(U) ⊂ F is
bounded. Since L is continuous at x = 0, we can find δ > 0 such that ‖x‖E ≤ δ
implies ‖Lx‖F ≤ 1. Consequently, if x ∈ U ,

‖Lx‖F =
M

δ
‖L(

δ

M
x︸︷︷︸

‖·‖≤δ

)‖ ≤ M

δ
,

which shows that L(U) ⊂ BFM
δ

(0). Suppose now that L is bounded, then there

exists in particular α > 0 such that L(BE1 (0)) ⊂ BFα (0), and thus if x ∈ E \ {0},
then

‖Lx‖F = ‖x‖E‖L(
x

‖x‖︸︷︷︸
‖·‖≤1

)‖ ≤ α‖x‖.
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Since this is trivial if x = 0, we obtain (v). Finally, suppose that (v) holds. Then
by linearity of L

‖Lx− Ly‖F = ‖L(x− y)‖F ≤ α‖x− y‖E ,

showing the uniform continuity of L. �

Definition A.8 (operator norm). For L ∈ L(E,F ) we define

‖L‖L(E,F ) := inf{α > 0 | ‖Lx‖F ≤ α‖x‖E for all x ∈ E}.

We call ‖L‖L(E,F ) the operator norm of L.

The following Proposition summarizes all general equivalent characterizations
of ‖L‖L(E,F ).

Proposition A.9. Let L ∈ L(E,F ). Then ‖Lx‖F ≤ ‖L‖L(E,F )‖x‖E for all
x ∈ E. Moreover,

‖L‖L(E,F ) = sup
x∈E\{0}

‖Lx‖F
‖x‖E

= sup
‖x‖E=1

‖Lx‖F = sup
‖x‖E≤1

‖Lx‖F = sup
‖x‖E<1

‖Lx‖F .

The space L(E,F ), endowed with the operator norm ‖ · ‖L(E,F ), is again a
normed vector space, and it is Banach space as soon as F (!) is a Banach space.

A.4. Duality

Definition A.10 (Dual space). If E is a (real) normed vector space, then

E′ = L(E,R)

is the dual space of E. Elements of E′ are often also referred to as bounded
linear functionals on E. The operator norm on L(E,R) is called the dual norm
on E′ and is denoted by ‖ · ‖E′ . If f ∈ E′, then we define

〈f, x〉 := f(x).

Remark A.11. By definition of the operator norm, the dual norm is given by

‖f‖E′ = sup
x∈E\{0}

|〈f, x〉|
‖x‖E

= sup
‖x‖E≤1

|〈f, x〉|

and as a consequence

|〈f, x〉| ≤ ‖f‖E′‖x‖E .

A.5. Duality in Hilbert spaces

Suppose now that H is a (real) Hilbert space (with inner product 〈·, ·〉). Since
for all y ∈ H, the linear mapping

J(y) : H → R, x 7→ 〈x, y〉

is continuous, we have that J(y) ∈ H ′ with

‖J(y)‖H′ = sup
‖x‖H≤1

| 〈J(y), x〉︸ ︷︷ ︸
=〈x,y〉

| ≤ ‖y‖H .
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It follows that y 7→ J(y) is continuous, but in fact also the converse inequality
holds, since we can choose the uni vector x = y

‖y‖H to conclude that

‖J(y)‖H′ = sup
‖x‖H≤1

| 〈J(y), x〉|︸ ︷︷ ︸
=〈x,y〉

≥ |〈 y

‖y‖H
, y〉| = ‖y‖

2

‖y‖
= ‖y‖H .

Consequently, ‖J(y)‖H′ = ‖y‖H .

Theorem A.12. (Riesz representation theorem) The map J : H → H ′ is a
linear isometric isomorphism. It is called the Riesz isomorphism.

A.6. Reflexivity

The dual space E′′ := (E′)
′

of E′ is called the bi-dual space. Note that any
x ∈ E induces an element in the bi-dual space of E by considering the continuous
linear functional

f 7→ 〈f, x〉, f ∈ E′.
It follows that

‖x‖E′′ = sup
‖f‖E′≤1

|〈f, x〉| ≤ sup
‖f‖E′≤1

‖f‖E′‖x‖E ≤ ‖x‖E

hence the embedding E ⊂ E′′ is continuous. In fact, due to the Hahn-Banach
Theorem, there exists f0 ∈ E′ such that ‖f0‖E′ ≤ 1 and 〈f0, x〉 = ‖x‖, which
implies the converse inequality

‖x‖E = |〈f0, x〉| ≤ sup
‖f‖E′≤1

|〈f, x〉| = ‖x‖E′′ ,

so that
‖x‖E = ‖x‖E′′

and thus the embedding E ⊂ E′′ is an isometry w.r.t. the respective norms. We
say that a normed vector space E is reflexive if E = E′′.

The most important class of reflexive spaces are Hilbert spaces (!), so in par-
ticular L2(Ω,A, µ). Other important examples for reflexive function spaces are
Lp(Ω,A, µ) for p ∈ (1,∞), since for 1 ≤ p < ∞ the space Lp

∗
(Ω,A, µ) with

p∗ = p
p−1 (and p∗ = ∞ if p = 1) is the dual space of Lp(Ω,A, µ) and p∗∗ = p for

p ∈ (1,∞).



APPENDIX B

Weak Topology

We briefly discuss basic functional analytic facts concerning the weak topology
on (reflexive) Banach and Hilbert spaces. In particular we will recall the basic fact
that weak convergence + norm convergence implies strong convergence in Hilbert
spaces. We also formulate Banach-Alaoglu’s theorem, and its important conse-
quence for reflexive Banach spaces.

B.1. Weak convergence

Definition B.1. Let E be a real Banach space and (xn) be a sequence in E.
We say that (xn) converges weakly to x ∈ E if

lim
n→∞

〈f, xn〉 = 〈f, x〉

for all f ∈ E′. We write xn ⇀ x in that case.

Remark B.2. (i) Clearly, xn → x (strongly) in E implies xn ⇀ x
weakly, since

|〈f, xn〉 − 〈f, x〉| = |〈f, xn − x〉| ≤ ‖f‖E′‖xn − x‖E → 0

(ii) The converse is not true, that is weak convergence does not imply strong
convergence. As an example consider the sequence en := (δkn)k∈N. Then

‖en‖`2 = 1 and 〈f, en〉 = fn for all f = (fk)k∈N ∈
(
`2
)′

= `2. Hence for

all f ∈
(
`2
)′

〈f, en〉 = fn → 0

as n→∞ weakly. However, (en) does not converge w.r.t. the norm.
(iii) The weak limit of a sequence is unique. To see this note that if 〈f, x〉 = 0

for all f ∈ E′, then x = 0, since otherwise the Hahn-Banach Theorem
implies the existence of f ∈ E′ with 〈f, x〉 6= 0.

Although weak convergence does not imply strong convergence we have an
upper bound of ‖x‖E .

Proposition B.3. Suppose that E is a Banach space and that xn ⇀ x weakly
in E. Then (xn) is bounded and

‖x‖E ≤ lim inf
n→∞

‖xn‖E .

Proof. We consider xn as an element of the bi-dual space E′′, the dual space
of E′. By assumption 〈f, xn〉 → 〈f, x〉 for all f ∈ E′. But that means that xn,
considered as linear functionals on E′ are pointwise bounded and therefore bounded
in the operator norm by the uniform boundedness principle, i.e., supn ‖xn‖E′′ <∞.
Since ‖xn‖E′′ = ‖xn‖E , it follows that (xn) is bounded in E. Now,

|〈f, xn〉| ≤ ‖f‖E′‖xn‖E
1
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implies
|〈f, x〉| = lim

n→∞
|〈f, xn〉| ≤ ‖f‖E′ lim inf

n→∞
‖xn‖E

for all f ∈ E′. Now, let f ∈ E′ be such that 〈f, x〉 = ‖x‖E and ‖f‖E′ = 1, such a
functional exists due to the Hahn-Banach Theorem, we then obtain

‖x‖E = |〈f, x〉| = lim
n→∞

|〈f, xn〉| ≤ ‖f‖E′ lim inf
n→∞

‖xn‖E
= lim inf

n→∞
‖xn‖E .

�

In the case of Hilbert spaces, the proof of the above Proposition becomes much
easier. Indeed, suppose that H is a Hilbert space and that xn ⇀ x weakly in H.
Then

‖x‖2H = 〈x, x〉 = lim
n→∞

〈x, xn〉 ≤ ‖x‖H lim inf
n→∞

‖xn‖H
and so

‖x‖H ≤ lim inf
n→∞

‖xn‖H .
In the case of Hilbert spaces we also have the following important converse:

Proposition B.4. Suppose that H is a Hilbert space and that xn ⇀ x weakly
in H is such that in addition ‖xn‖H → ‖x‖H . Then xn → x strongly in H.

Proof. Since 〈x, xn〉 → ‖x‖2H and ‖xn‖2H → ‖x‖2H , it follows that

lim
n→∞

‖x− xn‖2H = lim
n→∞

‖x‖H − 2〈x, xn〉+ ‖xn‖2H = ‖x‖H − 2‖x‖2 + ‖x‖2H = 0.

�

B.2. Banach-Alaoglu

In its general form, the Banach-Alaoglu theorem states that the unit ball BE
′

1

in the dual E′ of some normed vector space E is compact in the weak∗-topology.
The weak∗-topology on E′ is the topology induced by the weak∗-convergence. A
sequence (fn) ⊂ E′ is said to be weak∗-convergent to some element f ∈ E′ if

〈fn, x〉 → 〈f, x〉 for all x ∈ E,
i.e. we just interchange the convergence in the duality mapping 〈f, x〉.

Theorem B.5. (Banach-Alaoglu, Weak∗-compactness) The unit ball (and thus
any bounded subset) in a separable Banach space E is weakly∗ sequentially compact,
i.e. any bounded sequence contains a weak∗-convergent subsequence. If E is in
addition reflexive, i.e., E can be identified with its bi-dual E′′, e.g. a Hilbert space,
then any bounded subset is sequentially compact w.r.t. the weak topology.
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